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Angles

The parts of angles and how angles are named

A
arm
angle ABC S ABRC
angle & 28
&8
B c
vertex arm
The names of angles
acute right angle obtuse reflex

Angles around a point add up to 360 degrees.

121

v = 360°- 121°- §2°= 157"

angles at a point
add up to 360° 5
a = 360° - (b+ced+e)
b = 360° - (a+c+d+e) x = 113%3 = 37.667°
¢ = 360° - (a+b+d+e) 2y = 3600- 69°- 44 73°- 123°= 5]°
x=51"2= 255

73
123

Jx = 360"~ 53°- §5° 657~ 44°=113"
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Angles in a straight line add up to 180 degrees (Supplementary angles)

i 2.
X B
b g2 T4 A %
a C
180" o= B0 B 740 x = 180°- 84"- 41"
=240 = 550
angles in a straight
line add up to 180°
3. 4 e 2x
a=180°-(b +c) B )
2y [4.T a7
b=180-(a+c) i
c=180°-(a+b - BT 4o
gEL) Ze~ipgopsige B eoTeM
x=2P2=135 Rdlan
Vertically opposite angles are equal
: 120° i .
14 5 78¢
¥ /[ 81°
x =60 (1807 - 120°) -
== ﬂu X - HI
" y=180°-78°- B|==2]"
% 25 % 2y [ 32
: g &9 ex
AB, CD straight lines : g2
x
X, = X, y=82r, y=4I°
- 2y =] 80"~ 32°. §)v= f5°
= ‘= Bge
T§= 02 ? x=66%2=33

x=180° - 25°- 69 = 86
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Complementary angles add up to 90 degrees.

®
a2
a x=00r . 220
= n = '6_3“
- 2
=5
x
a+b=90°
x =90 - a9
= ﬂu
Alternate angles are equal
L%
»
Y > 7

R

Yz
\\\B
the straight line AR 5ge

cutting the parallel
lines is called a

TRANSVERSAL
K1=X2
Yi=Y:

" -
7
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Corresponding angles

s\

I x‘gm
b

F \-’r

121

} mod
xl = xz
Y=y
The angles in a triangle add up to 180 degrees.
B ! »
A 4= 2
55

¥=180°-40°- 55 v 1gpe-g10- 630

= 85° = 56
c 3 [B8 28y
bds 3x 4, 2 2x
a+b+c= 180 3x=180"-86"-64> 2x=180"-28°-32°
= 3073 = 12042
x= 100 J’=@¢'
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The angles in a quadrilateral add up to 360 degrees.

E.
x=360" < 150" 75°. 30"

= 105" x=360" - 020 B55. 2=
=121"

e Da. Y

a+b+c+d=360° h )

3x=360° -110°- 115°
= 135%3 =45 2y =360" - 95°< 121"« 83°
= 61%2=30.5"

The angles in polygons

« exterior angle rmﬁ;s ext. angle = 36096 = 60°

« interior angle = 180" - exterior angle int. angle = 180° - 60° = 1
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Bearings

Bearings are a way of describing the position of places/objects by using clockwise angles
relative to North.

e.g. (note a bearing has 3 digits)

= east is a bearing of 090 deg.

=  south is a bearing of 180 deg.

= west is a bearing of 270 deg.

= north is a bearing of 000 deg.

= south west is a bearing of 225 deg.

To find the bearing of a point Y from a point X:

= draw a line up the page from X to represent North
= draw a line between point X and point Y
=  with your protractor on the North line(XN), measure angle NXY



Triangle Similarity

Triangle types

SCALEME RIGHT-ANGLED
all sides different eontaing a 90 deg,
angle

all angles different

1SOSCELES EQUILATERAL
Il =i

ST all sides same

all angles same

two angles same

Definition of similarity

A triangle (or indeed any two dimensional shape) is deemed similar to another if it has the
same shape but a different size.

Similarity and proportion - If triangle ABC is similar to triangle DEF then:

DE DF EF
AB AC EC
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Triangle enlargement - in the above example, the ratio of the sides(largest over smallest)
gives the Scale Factor.

For enlargement the Scale Factor is greater than one( >1).

The Centre of Enlargement is a point used for constructing an enlargement from an
original shape.

The Scale Factor is used to calculate where the new points on the enlarged shape are from
the centre of enlargement.

Example - A right angled triangle positioned as shown, 2cm from a point P. Using the point
P as reference, enlarge the triangle by a factor of 2.

The solution is to measure the distance between each of the points of the triangle to the
point P, and then to multiply each distance by the scale factor 2.

10

18

Triangle reduction - here the Scale Factor is less than one( <1 ). The ratio is of the small
sides of the first triangle to the large sides of the second triangle.

AR AC EC

DE DF EF

Negative enlargement/reduction - here the shape is either enlarged or reduced as before
but is rotated through 180 degrees.
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Triangle Congruency

Definition of congruency

A triangle (or indeed any two dimensional shape) is deemed congruent to another if it has
the same shape and the same size.

The second triangle can be rotated, reflected or translated in any way.

The first triangle must be able to fit over the second triangle exactly.

Tests for congruency - Side Angle Side (SAS)

sides + i le

are common to both

S

Tests for congruency - Side Side Side (SSS)

all three sides are common to both triangles

N



12

Tests for congruency - Angle Side Angle (ASA)

two angles and a side are common to both triangles

Tests for congruency - Right angle Hypotenuse and one Side (RHS)

-a *

are common to both
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Pvthagoras’ Theorem

Pythagoras' Theorem

ot 2 = a? + b?
a? The square on the hypotenuse is
equal to the sum of the squares on
ol < the other two sides.
M : a2 = c2 - b2

b? = ¢ - @2

bE

Example #1- given the hypotenuse & one side

26 cm

22 cm.

20% + x% = Dg*

xt =260 -0
= 676 - 484
=192

x=+192 =13.8564
=1386 (2dp)
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Example #2 - given two sides

19 em.

=17 +19*
=169+361=530

x =530 =23.0217
=2302 2dp)

©2009 GCSE Maths Tutor All Rights Reserved  www.gcsemathstutor.com
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The Sine Ratio

The Sine Ratio

sine §= opposite
hypotenuse

hypotenuse

apposite (hyp.)

(opps.) _ _
opposite = hypotenuse x sine 8

hypotenuse = opposite
sine 8

8

adjacent
(adj.)

Method for problems:

= write out the ratio putting in the values for the given sides and/or angle.
= puta 'l under the sine/cos/tan

= cross multiply(top left by bottom right = top right by bottom left)

= make the 'unknown' the subject of the equation

Example #1

13.9 cm.
o
51°

sin 51 _ 5

1 12.9
x=139%an 5T

=129=07771

=108023

x=1080cm (2dp)
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Example #2
x
8.2 cm.
46°
sin 46" _ %
1 x
8.2 =xrxgn 46
_ 8.2
i 46
8.2
[
077195
=11.3%99
x=1140cm (2dp)
Example #3

17.7 cm.
12.8 cm.

g=467319%
=463

The Cosine Ratio
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The Cosine Ratio

cosine §= adjacent
hypotenuse

hypotenuse

apposite (hyp.)

(opps.) : :
ad jacent = hypotenuse x cosine 8

hypotenuse = adjacent

cosine 9

8

adjacent
(adj.)

Method for problems:

= write out the ratio putting in the values for the given sides and/or angle.
= puta 'l under the sine/cos/tan

= cross multiply(top left by bottom right = top right by bottom left)

= make the 'unknown' the subject of the equation

Example #1

21 2cm.

4r°

cosdl”  x
1 212
x=212%cosdT
=21.2=07547
=15.95%4
x=1600cm (2 dp)

Example #2



Example #3

18

3%
14.5 cm.

cos 357 _ 14.5

1 x
xocosa3s' =145
14 .5

cos 357
14.5

08192
- 17.7001

x=1770 (2dp)

27.2 cm

19.9 cm

cogd _ 19.8
1 272
=0.7314

§=07232
= 42,9797
=42.98° (2 dp)

The Tangent Ratio




19

The Tangent Ratio

tan 8= opposite
adjacent
: hypotenuse
oizpnsu‘r;:: (hyp.)
i ad jacent = opposite
tan 8
g \, oppesite = adjacent x fan §
adjacent
(adj.)

Method for problems:

= write out the ratio putting in the values for the given sides and/or angle.
= puta 'l under the sine/cos/tan

= cross multiply(top left by bottom right = top right by bottom left)

= make the 'unknown' the subject of the equation

Example #1

43
12.6 cm.

tan 3 X
1 126
x=126tan 43
=12.6x0.9325
=11.74%5
=11.75cm (2 dp)

Example #2
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188 em.

e

tan 27 _ 18.8

1 x
rtan 27 =188

158
x=

tan 27

18.8

© 0.5095
— 36.8980

x=3690cm (2dp)

Example #3

16.1 cm

13.2 cm

tan & 16.1
1 132
=1.2197
8 = 50.6525

=50.65" (2dp)

Sine, Cosine & Tangent Compared
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Changing sign of ratios with increasing angle

In turn, look at each ratio as the value of x and y changes with increasing angle.

si115'=E |:-::-s-:5‘=i

tan 8=2
x

The results can be summarised in this diagram:

sin | all

tan | cos
3 4

270
when positive?

The Sine Curve

©2009 GCSE Maths Tutor All Rights Reserved
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F__m graph of y = sin{/
AN P \
ki \ / \
.!f L \‘\I L 1’;‘( 1 1~1'1 1 0
90 180 270+ 360°  480° B0 630° ﬁzuﬂ
1o N’ o

note:

= the sine graph starts at zero

= it repeats itself every 360 degrees

= yis never more than 1 or less than -1

= asin graph 'leads' a cos graph by 90 degrees

The Cosine Curve

graph of y= cosine {/

N Y Ve
\ / \ /

-
S0n  180* Z70°  360° 456- 5400 /ssu- 7a0r

\ f X ;

+ 10 . 4 N

note:

= the cosine graph starts at one

= it repeats itself every 360 degrees

= yis never more than 1 or less than -1

= acos graph 'lags' a sin graph by 90 degrees

The Tangent Curve

©2009 GCSE Maths Tutor All Rights Reserved www.gcsemathstutor.com
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y graph of y= tan(/

Lj -' -' .' :
al | ' '
zL “ ..*'J /

ol — I’i TSP, 0
L %o o 270 seo 4w_ﬁ¢ acr-__,ﬁcr-
i / ;

note:
= the tangent graph starts at zero

= it repeats itself every 180 degrees
= y can vary between numbers approaching infinity and minus infinity

Sine Rule, Cosine Rule

©2009 GCSE Maths Tutor All Rights Reserved www.gcsemathstutor.com
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The Sine Rule

b a = b = ¢
gsinA sinB sinC

= Use either the right, or left hand equation.
= You are given 3 quantities and required to work out the 4 th.

Manipulating the ratio - Take two ratios, cross multiply and rearrange to put the required
quantity as the subject of the equation.

et &

and  sin B

asin B =bsn A

ban A asin B
= b=
sin B sin A

an B =

baon A sinﬂ=ﬂsm3

ol
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Example #1
X
15 cm.
il
-
14 _ X
sin3l’  sinfS
ran31" =155n 65
_ 15gin 657
sin 31"
_ 15= 09063
05150
=26.3%71
x=2640cm (2 dp)
Example #2
17 cm.
13 cm.
o
i) 620
il
17 _ 1=
anb?”  asnd
172n 8 =13a1n 62"
Sind = 1351n 62
17
_ 1308829
17
=0.&752
=42 4697

§=4247 (2dp)
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Example #3
A
15 cm.
B
X c

angle & = 180° - 2¢° - 73"
=78
xr 15
An7e  sinld
xsn2S = 151078
156in78"
T a2y
_15%0.9781
T 0.4848
= 30,2630
x=30.26cm (2 dp)

The Cosine Rule

Lg]
o

i

[

=b®+c?-2bccos A
a 2 b?=c?+a?-2cacosB
=a?+b?-2abcosC

(=]
[}
b
(]
r
I

There are two problem types:

= You are given 2 sides + an included angle and required to work out the remaining
side
= You are given all the sides and required to work out the angle.
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Example #1
X 9.2 cm.
17.9 cm
at =b% +2% - Zhocosh
2 =(19.2)% + (17907 - [2><19_2><1?.9><c053?°]
= (368 64) + (3204 - (687 36) % (0. 7986)
=140.1143
x=1153a%3
=11.84 cm (2 dp)
Example #2
27.2 cm
0
19.9 cm

2be
0sd = (23.6)° +(15.5)° - (21.8)°
2(23.63(15.5)
_ (556.96) +(240.25) - (475.24)

731,60
SELLLLN P
731.60
8= 63.3897°

=63.88 (Zdp)
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Circles

The parts of a circle

centre - the point within the circle where the distance to points on the circumference is
the same.

radius - the distance from the centre to any point on the circle. The diameter is twice the
radius.

circumference(perimeter) - the distance around a circle.

chord is a straight line joining two points on the circumference.

diameter - a chord(of max. length) passing through the centre

sector - a region enclosed by two radii and an arc.

segment - the region enclosed by a chord and an arc of the circle.

tangent - a straight line making contact at one point on the circumference, such that the
radius from the centre is at right angles to the line.
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Subtended angles

When a chord subtends an angle on the circumference of a circle, the angle subtended at
the centre of the circle is twice the angle.

A diameter subtends a right-angle at the circumference

angle XPZ = 90 deg.
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Angles subtended by a chord onto the circumference of a circle are equal.

angle ADB = angle ACB

Chords
Y

The line joining the centre of a circle and the mid-point of a chord is perpendicular to the
chord. The chord is bisected into two equal halves.

XP = PY
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Tangents

The tangents to a circle from a point are equal in length.

AP = BP
also,
the tangents subtend equal angles at the centre of the circle
angle POA = angle POB
and,

the angles between the tangents and the line joining the
centre of the circle and the point are equal.

angle APO = angle BPO

note : Triangle APO and triangle BPO are congruent.
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The angle between a tangent and a chord

The angle between a tangent and a chord is equal to the angle subtended by the chord in
the opposite segment.

angle ZPY = angle PXY

Cyclic quadrilaterals

Opposite angles in a cyclic quadrilateral add up to 180 deg.

As with all quadrilaterals, the sum of the interior angles = 360 deg.

Any exterior angle of a cyclic quadrilateral equals the interior opposite angle.
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Vectors

Vectors & Scalars

A scalar is a quantity that has magnitude only.
e.g. mass, length, temperature, speed
A vector is a quantity with both magnitude and direction.

e.g. force, displacement, acceleration, velocity, momentum

Vector notation

<

The vector from X to Y may also be represented as V or —

The magnitude of the vector(i.e. its number value) is expressed as:

|ﬁ| or |E|
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Inverse vectors

An inverse vector is a vector of equal magnitude to the original but in the opposite
direction.

—AFR iz the inverse of AR

or

ﬁis the inverse of E

The Modulus(magnitude) of a vector

This modulus of a vector X is written | X | .
The modulus(length of the vector line) can be calculated using Pythagoras’ Theorem.

This is dealt with in detail in the 'linear graphs section' here . However for completeness,
the relevant formula is:

|E| = .\{(y-stepjg + (15{-31:&1::}:4
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Scalar multiplication

A scalar quantity(i.e. a number) can alter the magnitude of a vector but not its direction.

2x

Example - In the diagram(above) the vector of magnitude X is multiplied by 2 to become
magnitude 2X.

If the vector X starts at the origin and ends at the point (4,4), then the vector 2X will end
at (8,8).

The scalar multiplication can be represented by column vectors:

4 8
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The Triangle Law(Vector addition)

When adding vectors, remember they must run in the direction of the arrows(i.e head to
tail).

A vector running against the arrowed direction is the resultant vector. That is, the one
vector that would have the same effect as the others added together.

\ A

A and B are vectors, as shown below. Find the magnitude of their resultant X.

Example

First we must find the resultant vector. This is done by adding the column matrices
representing the vectors.

2y (4 (4
6l 2] |



2\

4
6
8
6
*“45

The magnitude of the resultant is given by using Pythagoras' Theorem:

| = f-step)® + (x-step)®
=80

= 2.944
=894 (2dp]
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Components

A single vector can be represented by two components set at 90 deg. to eachother. This
arrangement is very useful in solving 'real world' problems.

Vsin ¢

v
0

fE—
Vcos

looking at the right angled triangle below you can see where this came from

Vain

Yeos

©2009 GCSE Maths Tutor All Rights Reserved www.gcsemathstutor.com
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Unit vectors

A unit vector has unit length (1).

Ja

Ja

Ji

the x-axis coordinate is i and the y-axis coordinate is j.

Example of a unit vector : 5i + 2 j would be at coordinates (5 , 2).

Unit vector addition (& subtraction):

In turn add i terms and then add j terms.
example:

5i+2jplus 2i+5j=7i+7]j

in vector terms this can be expressed as:

U
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Transformations

Translation of points

A point (x,y) can be moved to another position by applying a column matrix vector.

A column matrix vector is just two numbers, one above the other, surrounded by long
brackets. The top number adds to the x-coordinate while the bottom number adds to the
y-coordinate.

@
{x. ) transformed by the column vector

gives the new point (x+a,y+ &)

Example

B
2 .
—f(2.2)
A -__ : i .
{-1,1)
5 TR R RN S B
D'_._ 4 |
(20| T~ /
. B -‘;(-. II.
P i3

move right or left = x more positive or more negative
move up or down =y more positive or more negative

A(-1,1) to B(2,2) by going to the right 3 and up 1 by applying vector

B(2,2) to C(1,-2) by going to the left 1 and down 4 by applying vector
-3

C(1,-2) to D(-2,-1) by going to the left 3 and up 1 by applying vector
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Translation of shapes

This is similar to the translation of a point except that the vector column matrix is applied
to each point of the shape in turn to move the whole shape to another position.

example Translate the triangle ABC by the vector column matrix

Al-1.2
(; }2
D (2,1)
B 1
-2,1)
E{1.0)
% T, W
f{—i,—l]_I
= F(2.-2)

Each x-coordinate is increased by 3 (moved right 3)

Each y-coordinate is reduced by 1 (moved down 1)
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Reflections

A reflection is a mirror image of the shape about an arbitrary line. This line can be for

example x=0(y-axis), y=3, y=x(diagonal) etc.

Reflected points can be located by remembering that:

each point is as far infront of the line as the image of the point is behind

So measure the perpendicular distance of each point on the shape from the mirror line,
then measure each distance the other side of the line to locate the points.

Example Draw the reflection of triangle ABC in the y-axis.

Al-1.2) E({1,2)

B 1 D
t—md ‘ (2,1}
-2 - o V z
I H
-1-1) (11}

-2

Point A is 1 unit infront of the y-axis mirror. Therefore the reflected point(E) is 1 unit the

other side of the line.

Similarly, B is 2 units infront. D is 2 units behind. C is 1 unit infront. F is 1 unit behind.

Method for locating mirror images

= Use your set-square to draw perpendiculars from the 'mirror line' through each

point of the shape

= Measure the point-'mirror line' distance for each point.
"  Produce each line behind the mirror line the same distance to locate the

mirrored points.
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Rotations

In order to rotate a shape, 3 pieces of information are required:

the centre of rotation - the direction of rotation - the angle of rotation

Example - Rotate triangle ABC through 60 deg. in a clockwise direction about point P.

Gl

method

= draw a line PC between P and C

= measure the line PC

= draw a line 60 deg. clockwise from PC, centre P, the same length as PC

= repeat the method for B and A on the original shape

= finally join up the ends of the lines to make the original shape but rotated through
60 deg.
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Enlargements

In order to enlarge a shape, 2 pieces of information are required:

the centre of enlargement - the scale factor

Example Enlarge triangle ABC by a scale factor of 1.5 form the point P.

method

= Draw a line through A, measuring 1.5 times PA.

= Draw a line through B, measuring 1.5 times PB.

= Draw a line from P through C, measuring 1.5 times PC.
= Join up the ends of the lines.



Equidistant line from two fixed points

Each point P in turn on the red line is equidistant from points X and Y.

The red line represents the locus of points equidistant from X and Y.

Equidistant line from a fixed point(a circle)

All the points P lie on a locus of points the same distance from O (i.e on the perimeter of
the circle)
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Equidistant line from two lines joined at a vertex

Each point P in turn on the red line is equidistant from lines OX and OY.

The red line represents the locus of points equidistant from lines OX and OY.

©2009 GCSE Maths Tutor All Rights Reserved www.gcsemathstutor.com
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Length & Area

Area of a circle

radius |r

diameter D

D=2r

- . 2
the area of a circle of radiug »' = ¢

the circumference of a circle of radius »' = 2Zmar
since diameter £ = 2r

the circumference of a circle1s = 70

major sector

0

minor sector

-"?."’.ﬂﬂr' ﬂfﬁ'

length (L} of an arc 15 given by

L,= subtended angle * (circumference of the circle)

no. degrees in a circle

g
2
260 )
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Sectors
area (A ) of a sector 15 given by
btended angl :
= subren E_ ang.e ¥ {area of the circle)
no. degrees in a circle
g 3
=— (7r
260 (71r)
Segments

reos(il2) p

chord XY

2[rsin(6/2)]

area of muinor segment XY = area of sector XOY - area of thangle XOT

1
¥ ircle area - 3 (base) * (hei ght)

=[3§0" Xm":‘]—%[Ersin(é?ﬂjxrcos(ﬂf 2)]
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Triangles

When a triangle is incribed in a rectangle of height h and width b, the perpendicular divides
the shape. It can be seen that each rectangle formed is composed of two triangles of equal
area. Hence the area of the original triangle is half that of the rectangle.

A=bh
2

The expression containing the sine is really the same as above.

Area = 1 bcsin A
2

C bsin A

area = %(base) * (height)
1 .
=§(c)><(b sin A)
1, .
=—chsan A
2

= lbc sin A
2

©2009 GCSE Maths Tutor All Rights Reserved www.gcsemathstutor.com



Parallelograms

50

4/ Ih (=dsing)
1] b
area=b x h
= bdsinf/
Trapeziums(Trapezoids)
a

4/ |h (=dsing)
f b

area = (ab) h

©2009 GCSE Maths Tutor

2
= (ab)dsinf#
2
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Volume

Cuboid - The volume(capacity) of a cuboid is given by:

volume = length x width x height

width® """'T;]E;r

note: the sides of a cuboid are at right angles to eachother

Prism - a shape with variable length and constant cross-sectional area

volume = length x cross-sectional area

A"’i:ngfh

cross-sectional area

©2009 GCSE Maths Tutor All Rights Reserved  www.gcsemathstutor.com
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Sphere

Pyramid - The equation is independent of the number of sides of the pyramid. So the
equation works equally for a tetrahedron(with a triangular base) and for other solids with
differently shaped base areas.

volume = 1 base area x height
3

Cone - This is similar to the pyramid, the area of the circle being the base area.

volume = 1 717~ x height
3

©2009 GCSE Maths Tutor All Rights Reserved  www.gcsemathstutor.com
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Frustrum This is the part of a cone remaining when a top section of the cone, parallel to
the base, is removed.

volume of frustrum = [original vol. of cone] - [vol. of removed top section]

©2009 GCSE Maths Tutor All Rights Reserved  www.gcsemathstutor.com
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Constructions

The perpendicular bisector of a line(also line equidistant from two points)

[ 4
-

= set the radius of your compass to more than than half the length of XY (but less
than XY)

= with centre X, draw an arc above and below the line XY

= with centre Y, draw an arc above and below the line XY intersecting the arcs from
X

= the arcs intersect at points W and Z respectively above and below the line XY

= join the points W and Z

= the line WZ is the perpendicular bisector of XY

Perpendicular from a point to a line

p*

L d

L ]

= set the radius of your compass so that an arc with centre P cuts the line at two
points

= name these points of intersection X and Y

= with the radius greater than half XY and centre X draw an arc below the line XY

=" repeat with centre Y

= where the arcs intersect call point Z

= the line joining Z to P is the perpendicular bisector of the line XY

= where this line meets XY call point W

=  PW is the perpendicular from the point P to the line XY

Bisection of an angle
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= with centre O draw arcs to cut the arms of the angle at X and Y

= using the same radius, from point X draw an arc between the arms of the angle
= repeat at point 'Y

= the two arcs intersect at point P

= draw a line between P and O

= PO is the bisector of the angle XOY

Construction of a 60 deg. angle (also of an equilateral triangle)

10

= draw a line XY

= with centre X and radius the length of the line, draw an arc above the line
= repeat from centre Y

= the point Z is where the arcs intersect

= join XZ

=  joinYZ

= angle ZXY is a 60 deg. angle

Construction of a triangle(sides different)
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draw a line XY of given length, as the base to the triangle

with centre X and radius the length of the second side of the triangle, draw an arc
above the line

with centre Y and radius the length of the third side of the triangle, draw an arc
above the line

the point Z is where the arcs intersect

join XZ

join YZ

notes
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