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A Introduction
In Mathematics, we have learnt the above few. Let us revise:
- The Length of AB, where A (x4, y1) and B (X, Y¥2), has a length of

J6er ) 0y

- The gradient of a line refers to the vertical change as we move 1 unit across the x
Change in y coordinates _ Y;1-Y,

Change in x coordinates - X1-X2

Whereby (x1, y1) and (X,, y2) are two points on the same line L.

axis. Hence, Gradient of line L =

- The general equation of a line segment is y = mx + ¢, whereby m is the gradient of
the line and c is the y-intercept of the line.

For Additional Mathematics, you will require the knowledge of these above topics and more.

Gradient of a Line

Parallel Lines
Notice that all these lines move up 2 units and across 3 units

(hence the gradient is %).

3

53~ | Ingeneral, lines with same gradient are parallel and vice
versa.

IBZEZERE

Perpendicular Lines
Look at the two perpendicular lines on the right.

[

Gradient of line A =-

oy

Gradient of line B =

Product of gradients = (%)(g) =-1.

In general, if the product of the gradients of two lines is -1,
they are perpendicular.

Also, the gradient of a line (m,) is the negative reciprocal of the
other line (—mi).
2

Horizontal Lines
As you have learnt in Mathematics, horizontal lines have a gradient of 0 as they continue to
stretch to the right but do not have any change in y coordinates.

Vertical Lines
As you have learnt in Mathematics, vertical lines have an undefined gradient as they
continue to rise upwards but do not have any change in x coordinates.
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C Equation of a Straight Line
If three points are on the same line, they are collinear. Collinear points can be identified by
the fact that the gradients of any two points on the line are equal.

Consider the collinear points A (X1, Y1), B (X2, y2) and C (X, y).

Knowing that the gradients are equal, we gather that:

Gradient of AB = Gradient of AC
y2 yl _ y - yl
Xo-X1 X=X

Yy—Y1

1
TR
<
N
[
—
~
x
x
e
—

We thus gather that the equation of a straight line is y —y; = m(x — X,), where m is the
gradient (y2 yl) of the line and (x4, Y1) are the coordinates of any given point on the line.

D Midpoint of a Line Segment

H Let us find the coordinates of midpoint M of the line joining A (X1, Y1)
and B (Xz, y2)

B (x2, y2)

" From A to B, we move X, — X; units across and y, — y; units up.

‘ Y2 1y1
P AN Em Hence, to reach M from A, we move 222 units across and 22-21
i units up.

We hence derive that the coordinates of M are (x; + 2 Lyl + Yo yl)

X1+ X +
units, which is also equal to (—— 11X N y2)

In general, the midpoint of a line connecting points (xl, Y1) and (X2, Vo) Is: (X1+ X2 y1+y2)
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E Area of Rectilinear Figures
‘ A<w1)/1v‘m\9jwa> Consider the following triangle ABC with points A (X1, Y1), B (X2, ¥2)
and C (Xg, y3)

: Y1 Vs
| o y/ Let’s draw a few lines down from points A, B and C to the x-axis.

| @) —=|, | The points at which they touch the x-axis are J, K and L
B\ - "% | respectively.

To find its area, we have to manipulate the areas of the inscribed
trapeziums. That is to say:

/
+ -
Area of Trapezium ABKJ Area of Trapezium CAJL Area of Trapezium CBKL
1 1 1
G2+ Y2)(X1 — Xo) G)Y1 + Y3)(Xs — X1) G)Y2 + Y3)(Xs — X2)

= (%)(X1Y1 — XaY1 + X1Y2 — XaY2) + (é)(xsw = X1Y1 + X33 — X1Y3) - (ﬁ)(xsyz — XaY2 + XaY3 — XaY3)
= (%)(X1Y1 — Xa¥1 + X1Y2 = Xa¥2 + XaY1 — X1Y1 + XaY3 — X1Y3 - XaY2 + Xa¥2 - XaY3 + XoY3)

= (%)(Xl)ﬁ = XoY1 + X1Y2 — XoY2 + XaY1 — XaY1 + XaY3 — X1Y3 - XaY2 + XoY2 - XaY3 + XaYs)

= (%)(— XaY1 + X1Ya + XaY1— X1Y3 - XaY2 + XzY3)

= (%)(X1Y2 + + XoY3 + Xay1— XaY1 — X1Y3 — XaY2)

Difficult to remember? We can rearrange this above complicated formula to become:
1 x X2 X3 X1
2| Y1 AYZAS%A y1|
= (%)[(sum of N products) — (sum of v products)]
This formula can also be extended to find the areas of polygons with a specified number of

sides, given the coordinates/ vertices. For a figure with n sides, the formula for its area

would be re-arranged like this:
1

-1 X1 X2 X3 X X1
2|y1 AYZA)% e %YJ

= (%)[(sum of N products) — (sum of v products)]

When applying this formula, you must take note of a few things:
- The vertices must always be arranged in an anti-clockwise manner.
- Any point can be used as the starting, and you must remember to place the point at
the end as well.
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F Worked Examples on Sections B, C, D, E

A line is drawn through the point A(4, 6) parallel to the line 2y = x — 2, meets
the y-axis at the point B.

A line drawn through A(4, 6) perpendicular to AB, meets the line 2y = x — 2 at
the point C.

[6]

(i) Calculate the coordinates of B.

When the line meets the y-axis, x = 0. Hence, let B = (0, By)

2y = x-2
X
y = 3-1
y = % x-1
Since AB parallel to 2y = x — 2, then gradient of AB = § and equation of AB:
1
y-6 = 3S(x-4)
_ 1
= EX -2
Y = éx —-2+6
_ 1
Y = EX + 4
SubinB:B, = 3(0)+4
= 4
Hence,B = (0, 4)
(ii) Calculate the coordinates of C.
Gradientof AB = %
Since AC is perpendicular to AB, the gradient of AC is negative reciprocal of % i.e.
1
Gradientof AC = -7
2
= -2
Hence equation of AC:
y-6 = -2(x-4)
= -2x+8
y = -2x+8+6
= -2x+14--(1)
2y = x-2--(2)
Since both lines intersect, sub (1) into (2):
2(-2x+14) = x-=-2
-4x+28 = x-2
28+2 = X+4x
30 = 5x
X = 6 (Ans)
Sub x = 6 into (1):
y = -2(6)+14
= -12+14

2
Hence, C = (6, 2)

[N97/1/2]

The points A and B have coordinates (2, 2) and (10, 8) respectively. Find
the equation of the perpendicular bisector of AB.

[4]

Midpoint of AB = (2 +210, 2;8)

-
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y (6,5)

Gradient of L bisector

1
) (Gradient of AB)

1
1
—
Bl
e -
N

Equation of L bisector:

v-5 = - (%)x-6)
3y—15 = -4(x-16)
= -4x+ 24

3y = -4x+24+15

- 4x + 39 (Ans)

[N2000/1/2]

A(5,11)

c

The line joining A(5, 11) and B(0, 1) meets the x-axis at C. The point P lies [5]
on AC such that AP:PB = 3:2.

(i) Find the coordinates of P

By similar triangles, we drop lines from A and P to form the following figure:

A

Let P be (X, y). By similar triangles,
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E _ AP
BF  AB
5-x _ AP
5.0 ~ AP+PB
5-x _ 3
5 5
5-x = 3
X = 2
By similar triangles,
AE _ AP
AF T AB
11y _ 3
11 5
11-y _ 3
10 5
11-y _ 6
“10 10
11-y = 6
y =95

Hence, P = (2, 5)

A line through P meets the x-axis at Q and angle PCQ = angle PQC. Find:

(i) The equation of PQ

Since angle PCQ = angle PQC, then gradient of AC = - gradient of PQ
Gradient of PQ = - Gradient of AC

= -(55)
(5)

= -2
Hence, equation of PQ:
y-5 = -2(x-2)
y-5 = -2x+4
y = -2x+9 (Ans)

(i) The coordinates of Q

Since Q lies on x-axis, then y = 0. Thus, let Q = (Qx = 0) and sub into equation of PQ:

0 = 'Z(Qx) +9
9 = 'Z(Qx)
20 = 9
Qx = 45

Hence, Q = (4.5, 0)

[N2001/1/3]
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y=3x-15

A(2,6)

o

The diagram, which is not drawn to scale, shows a parallelogram OABC where O is
the origin and A is the point (2, 6). The equations of OA, OC and CB are y = 3x, y = ¥2x
and y = 3x — 15 respectively. The perpendicular from A to OC meets OC at the point D.

Find

(i) The coordinates of C, B and D. [8]
To find coordinates of C, equate y = ¥2x and y = 3x — 15:
Yox = 3x-15
15 = 3x — ¥ex
= 2.5x
X = 6 (Ans)
Sub x =6 intoy = %x:
y Y2 (6)

3 (Ans) Hence, C = (6, 3)

Since AB is parallel to y = %2, then gradient of AB is also %2. Equation of AB:

y—6 = Y% (X — 2)
= vox — 1
y = ¥ox—1+6
y = ¥%x + 5 (Ans)
Since B is intersection point of y = ¥5x + 5 and y = 3x — 15, equate both to get B:
Yox+5 = 3x—-15
X+ 10 = 6x — 30
10+ 30 = 6X — X
40 = 5x
X = 8 (Ans)
Subx=8intoy =%x + 5:
y = ¥(8) + 5
= 9 (Ans) Hence B = (8, 9)
. 1
Gradient of AD - ) (Gradient of OC)

Equation of AD:

1
T
2

-2
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y-6 = -2 (x=2)
y—6 = 22X+ 4
y = -2X+4+6
y = -2x + 10
To find coordinates of D, equate y = -2x + 10 and y = ¥2x:
Yox = -2x + 10
X = -4x + 20
X + 4x = 20
5x = 20
X = 4 (Ans)
Sub x=4intoy = %x:
y Y2(4)

2 (Ans) Hence D = (4, 2)

(i) The perimeter of the parallelogram OABC, correct [3]
to 1 decimal place

Length of OA

@20+ (6-0)
= V(2)%+ (6)?

- VE+36

- /40

Length of OC = \/(6 - 0)24. (3 - 0)2

= V(6)2+ (3)?

V36 +9

V45

2(Length of OA + Length of OC)
2(V40 + /45)

26.06552 units®

26.1 units? (Ans)

Perimeter of OABC

[N2003/1/11]

A parallelogram ABCD passes through vertices A(-3, 1), B(4, 9) and C(11, -3). Find:

(@) The midpoint of the diagonal AC

Midpoint of AC (-3 ;11 L +2(-3))

= G3)

= (4, -1) (Ans)

(b) The fourth vertex D

Since ABCD is a parallelogram, the midpoint of its diagonals would bisect each other (i.e.
they would both be the same). Hence, let D be (h, k).

Midpoint of AC = Midpoint of BD
4+h 9+k
@y = (FE)
Focusing on x coordinate only: Focusing on y coordinate only:

4 _ 4+h 1 _ 9+Kk
B 2 B 2

8 = 4+h -2 = 9+k

h = 8-4 k = 9+2
= 4 = 11

Hence, D = (4, 11) (Ans)
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G Graphs of Equations y = ax” and y* = kx

For such questions, you would only be required to:
- Draw the graphs given the values
- Find the solution set to a particular equation by adding a suitable straight line
- Find the corresponding x or y coordinate, given one.

As such, refer to your notes from Mathematics on Functions and Graphs for how to answer
these questions.

For reference purposes, here are the various y = ax" and y? = kx graphs.

|
= axl! & =§ = -2;_) =E
y =ax y ” y=ax y 2
y = ax’ y =ax
1 1 ,
y=ax2z o y=ayk y=axd o y=ayk
1 a j a
—axX 2« y= — Tax3ey= o=
y y & y y v
1
y? = kx (where k > 0) y? = kx (where k < 0)
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H Equation of a Circle

2 2
We know that the length of a line is J(xz- x1) + (Y, y;) - We now have a circle with a

radius CF of length r, where C (a, b) is the centre of the circle and F (x, y) is a point on the
circumference of the circle.

oo =

Taking square on both sides, (x—a)*+ (y—-b)> =

We thus get the equation that a circle of centre C (a, b) would have an equation of (x — a)* +
(y — b)? = r* where r is the radius.

Now consider a circle with the equation: x* + y* + 2gx + 2fy + ¢ = 0. How can we determine
the centre and the radius? Let us try manipulating the equation.

X +y +2gx+2fy+c = 0
XX+ 20x+y*+2fy = -c
X +2(Q)) +y* +2(y) = -c
Complete the square: X* + 2(Q)(x) + g° — g°+y* + 2()(y) + F - = -c
(x+g)P-g*+(y+H’-f = -c
x+gy+(y+f’ = -c+g’+f

2

(x+g)* + (y +

([ere-]

We thus gather that the centre of the circle is (-g, -f) and the radius is /gz +f-c.

In summary,
FORM 1 Property FORM 2
(a, b) Centre of a Circle, C (-g, -f)
r Radius of a Circle, r P2 +F-c
(x—a)j+(y—-b)y=r Equation of a Circle X +y° +2gx+2fy+c=0

WORKED EXAMPLES

The equation of a circle, C, is x*+y*—6x -8y + 16 =0

() Find the coordinates of the centre of C and find the radius of C. [3]

X° +y° —6x—8y + 16

X*—6x+y*—-8y = -16
X =23)X) +y* - (2@)(y) = -16
X2 —23)(X) +3° =32+ y - (2)4)(y) +4°-4* = -16
(x—3)’-3°+(y-4y-4" = -16
(x-32-9+(y—-4)>-16 = -16
(x—-3)2+(y—-4)2-25 = -16
(x-3y+(y-4 = -16+25
= 9
= 32
Hence, coordinates of centre of C is (3, 4) and radius of C is 3 units.
(i) Show that C touches the y-axis [2]

When C touches y-axis, x = 0. Hence, sub x = 0 into equation.
(0-3)*+ (y—4)

9+ (y—4)>

(y -4y

y-4

y

I n
» OO 0o
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Therefore, as there is a corresponding y coordinate for the value of x = 0, C does touch the
y-axis.

(i) Find the equation of the circle which is a reflection of C in the y-axis. [3]

Centre of C = (3, 4). Hence, a circle which has a reflection of C in the y-axis has a centre of
(-3, 4). The radius is the same as it the same size as C.

(x= (3P +(y-47 = 3
(x+3°+(y—-4)7° = 9
X?+6x+9+y*—8y+16 = 9
X?+6x+y*—8y+16 = 0
X>+y?*+6x—8y+16 = 0 (Ans)
[SP2008/1/7]
4 The diagram shows two circles, C; and C,. Circle C; has its
o | centre at the origin O. Circle C, passes through O and has
A its centre at Q. The point P (8, -6) lies on both circles and
e OP is a diameter of C..
0;'/. 2| x >
[l o
/.--/p (8, -6)
(i) Find the equation of C,. [2]
Since centre of circle is origin, it is (0, 0)
Radius of circle C; = Diameter of Circle C,
= Length of OP
= Jo+87+0-6F
= 82+ (_6)2
= ,64+36
= \/m
= 10 units
Hence, equation of C;: (x—0)*+ (y—0)> = 102
X +y? = 100
xX*+y*—100 = 0 (Ans)
(i) Find the equation of C.. [3]

Centre of C, Midpoint of OP, Q

(22, 29

G 3)

(4’ _3)

Radius of C, = % (Length of OP)
= % (10 units)

= 5units
Hence, equation of Cy: (x —4)* + (y— (-3))° = 52
(x—4y+(y+3)° = 25
X*—8x+16+y*+6y+9 = 25
X*+y*—8x+6y+25 = 25

X*+y*—8x+6y = 0(Ans)

The line through Q perpendicular to OP meets the circle C; at the

(i) points A and B. Show that the x coordinates of A and B are a + b3 7l
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and a - bv3 respectively, where a and b are integers to be found.

x* +y*—100
Gradient of AB

Equation of AB: y — (-3)
y+3
y

2
Sub (D)into (2): x2+ (gx - 2?5) -100
2. (16 5 2(4)25) . 625,

X +(9x ——X+ g) 100

9
1 2 2
9,24 16,2 200, . 625 900

9 9 9 9
9x? + 16x° — 200x + 625 — 900

25%? — 200x — 275
x> —8x-11

X

0--(1)

1
) (Gradient of OP)

1

0-8

(5+%)

(x-4)
N

B3

x

x

-2

x

8
6
4
3
4
3
4
3
4
3
4
3
4
3
0
0
0
0
0
0
(

8) £ |(-8)°- 4(1)(-11)
2(2)
8+ VEATaa

2
8 ++v108

2
4 £27
4+3V3
4 + 33 or 4 - 3V/3 (proven)

[N2008/11/11]
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| Linear Law

(Source: New Syllabus Additional Mathematics 8™ Edition (2007), Dr Yeap Ban Har/ Teh Keng Seng/
Loh Cheng Yee)

In research work, when two variables are believed to be related, a set of corresponding
values are obtained. Any equation must be in the form of Y = mX + ¢, whereby:

- Yis afunction of y (i.e. must contain y in any form such as In 'y, siny, y?, 3)
- m s a constant term which is the gradient (i.e. cannot contain x or y terms)
- Xis afunction of x (i.e. must contain y in any form such as Ig x, cos x, X%y, Xlz)
- cis a constant term which is the Y-intercept (i.e. cannot contain x or y terms)

However, not all experimental results obey a linear relationship. Examples of such graphs
include:

b
y:axb y:§+bx yza\&_,_ﬁ

/|

Where a and b are constants

With a little algebraic manipulation, each of the above relationships can be converted to a
linear relationship. The table below shows the manipulation of some common graph types.

y = ax + bx* = ax + bx®

Divide throughout by x

X I

= a + bx

Hence, a straight line graph is obtained when § (Y) is plotted against x (X).
Here, a denotes the Y-intercept and b denotes the gradient.

y=§+b y = ; + b

= a() + b

X | =

Hence, a straight line graph is obtained when y () is plotted against % (X).
Here, a denotes the gradient and b denotes the Y-intercept.

— b _ b
y=avx +—= y = avx + =
Multiply throughout by v/x yV/X = ax + b
Hence, a straight line graph is obtained when yv/x (Y) is plotted against x (X).

Here, a denotes the gradient and b denotes the Y-intercept.
Xy = ?;l + bx Xy = ; + bx
Divide throughout by x y = iz + bx
X
1
= a(x—z) + bx

Hence, a straight line graph is obtained when y () is plotted against xiz (X).
Here, a denotes the gradient and b denotes the Y-intercept.
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y = aePx y — ae™

Taking In on both sides Iny =  In(ae™)

Using product law to split up In (ae*) Iny = Ina + In e™
Using power law to change In Iny = Ina + bxIne
Sincelne=1 Iny = Ina + bx

Hence, a straight line graph is obtained when In y (Y) is plotted against x (X).
Here, In a denotes the Y-intercept and b denotes the gradient.

y = ax’ y = ax”

Taking Ig on both sides gy = g @x)

Using product law to split up Ig (ax®) lgy = lg a + lg x°
Using power law to change Ig x° lgy = lg a + b lg x

Hence, a straight line graph is obtained when Ig y (Y) is plotted against Ig x (X).

Here, Ig a denotes the Y-intercept and b denotes the gradient.

Xy =a

Xy

Divide throughout by x

x 1ol

a

—~

X | =

)

Hence, a straight line graph is obtained when y (Y) is plotted against % (X).
Here, a denotes the gradient and O denotes the Y-intercept (i.e. passes through origin O).

WORKED EXAMPLE

(a) The table shows experimental values of two variables, x and y.

X

1

2

3

4

5

y

7.0

6.4

7.7

9.3

11.0

Using the vertical axis for xy and the horizontal axis for x?, plot xy against x*
and obtain a straight line graph. Use your graph to: [10]

Plot a new table of values:

2

X 1.0 4.0 9.0 16.0 25.0
Xy 7.0 12.8 23.1 37.2 55.0
Using new values, plot the graph and draw a line of best fit.
60 /L
50
y = 2x° + 5
20 Xy
B =
Z 30
20 A
10 A
e
0
0 5 10 15 20 25 30
x2

(i) Express y in terms of x

To find gradient, choose two points on the graph (e.g. (1.0, 7.0) and (25.0, 55.0)
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Gradient

From the graph, Y-intercept
Hence, Y

Xy
y

Imnmn e n

55.0-7.0
25.0-1.0
48.0

24.0

2

5.0
mX + c
2(x%) + 5.0

2Xx + g (Ans)

(ii) Estimate the value of x wheny = x

i

y

Xy
Hence, from the graph, when xy = 30, x°
X

Inmnan

30
x
30
12.5

3.536
3.54 (Ans to 3sf)

diagram. Find [6]

Variables x and y are related in such a way that, when y — x is
plotted against x?, a straight line is produced which passes
through the points A(4, 6), B(3, 4) and P(p, 4.48), as shown in the

0) y in terms of x

To find gradient, choose the two given points on the graph (i.e. (4, 6) and (3, 4)

Gradient

Hence, equation of line: Y — Y,

(y=x-(4)
y—-x—-4
y

6-4

2 +Xx+4-6
2x2 + x — 2 (Ans)

(i) The value of p

Find value of x* = p when (y — x) = 4.48

y = 2F¢+x-2
y—x = 2x*-2
448 = 2xX*-2
648 = 2X°
x¥ = 324
p = 3.24 (Ans)
(iii)  The value of x and of y at the point P.
AtP,x* = 324
Xx = 1.8(Ans)
AtP,y—x = 4.48
Y-18 = 4.48
y = 448+18
= 6.28 (Ans)

[N2000/11/4]




