Vectors

SCALARS AND VECTORS

A scalar is a purely numerical quantity with a unit, such as $20 or a mass of 2 kg. No
idea of direction is involved. A vector quantity, however, has a direction which must
be stated, such as a velocity of 20 m 5™ northeast (NE). A velocity of 20 m 5™
southeast (SE) would be quite different.

To specify a vector, its magnitude (c.g. 20 m ') and its direction (c.g. NE) must both
be given.

Scalars are added and subtracted by the usual rules of arithmetic but to ‘add” or ‘sub-
tract’ vectors, we use a special rule — the parallelogram law.

REPRESENTATION OF VECTORS

A simple example of a vector is a displacement. Suppose a piece of board is moved,
without rotation, across a flat surface (Fig.8.1).

8
7
Fig. 8.1 n

Points on the board such as P, Q, R are displaced through the same distance and in the
same direction to points P*, Q', R”. So we can represent this vector by any line segment
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AB where AB = PP" = QQ" = RR" and AB // PP' // QQ' // RR’. The arrow head shows
the sense of the dircction. AB is drawn to, scale 1o give the correct magnitude of the
displacement, We write such a vector as AB.

EQUALITY OF VECTORS

InFig.8.2, the line segments AB, CD and EF are parallel (in the same direction) and equal
in length. Then these lines can each represent the same vector and AB = CD = EF.

/ °
A
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Fig. 82 E

Conversely, if AB = CD (Fig8.3), then
(@) the line segments AB and CD are equal in length and
(b) AB//CD.

Fig. 8.3 c D

It s important to remember that both parts are implied by the statement AB = CD. The
figure ABDC is therefore a parallelogram.

NOTATION FOR VECTORS
We state the endpoints of a vector by writing it as AB, as above or we can use a single

letter (Fig.8.4). A vector could then be given as a (printed in bold). We write this as
Gor a. Always distinguish a vector a in this way from an algebraic quantity a.

Fig. 8.4 A



MAGNITUDE OF A VECTOR

The magnitude or modulus of a vector AB is the length of the line segment representing
the vector 1o the scale used. We denote this as | AB|.

1f AB in Fig.8.4 is drawn to a scale of 1 cm = 10 m s for example, then |AB| =30 m s™.
The magnitude of the vector a is written as | a | or as a.

Note this carefully: a is the vector but |a | or a i its magnitude.

Zero Vector
The vector which has no magnitude (and of course no direction) is the zero vector,
written 0 or 0.

Scalar Multiple of a Vector

Given a vector a (Fig.8.5), we can make multiples of this vector.
For example, PQ 2a. PQ has the same direction as a but twice its magnitude.
1PQ]=2la]=

Fig. 85

RS =-a, . it has the same magnitude as @ but i in the reverse direction.
Note that RS = -SR.

= 1

U

8.

If a = kb, where k is a scalar (a number) # 0, then the vectors a and b are
parallel and in the same direction if k> 0 but in opposite directions if k < 0,
lal=1k[x[b]

Conversely, if a and b are parallel, then a = kb. (k will be positive if a and b are in the
same direction, negative if they are in opposite directions.)

Scalar multiples of a vector can be combined arithmetically. For example 2a + 3a = 5a
and 4(2a) = 8a.

So ma + n: (m + n)a and m(na) = mna for all values of m and n.
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Example 1
Given the vector a (Fig.8.6(a)). draw the vectors (i) 3a. (ii) - }a.

‘The vectors are shown in Fig.8.6(b). They arc all parallel but (ii is in the opposite
direction to a.

/'

Fig. 8.6(a) Fig. 8.6(b)

Example 2
S oo
What type of quadrilateral is ABCD if (a) AB = DC. (b) AB = 3DC?
(a) AB=DC and AB // DC,_T;h:n i\’BCD is a parallelogram (Fig.8.7(a)).
1t follows therefore that AD = BC.
(b) AB =3DC and AB // DC. Then ABCD is a trapezium (Fig. 8.7(b)).

Fig. 8.7(a) Fig. 8.7(b)

Exercise 8.1 (Answers on page 624.)
1 Copy Fig8.8 and draw the vectors (a) 2a, (b) -a, (¢) 3a.

Fig. 8.8 /
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2 In Fig8.9, state each of the vectors p, q and r in the form ka.

Fig. 8.9
3 The line AB is divided into three equal parts at € and D. I AD = a, state as scalar
multiples of a, (a) AB, (b) CB, (c) BD.

4 In Fig.8.10, ABCDEF is a regular hexagon. Given that AB =a, BC =b and CD = ¢,
state the following vectors as scalar multiples of a, b or
e followng veeloy 1y multipey
@DE M EF. @ FA @BE (@ AD.

Fig. 8.10 A

—
5 1 AB = kBC (k # 0), what can be said about the points A, B and C?
6 A the point (4.0) and B the point (0.3). State the value of | AB |
7 1P is (-2.-5) and Q is (3.7), find | PQ |.

)
8 O is the origin, | OR and the line OR makes an angle 8 with the x-axis where
sin @ = 3. Find the possible coordinates of R.
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ADDITION OF VECTORS

To *add” two vectors a and b, i.e. to combine them into one vector, we place them so as
to start from the same point O (Fig.8.11).

Fig. 8.11

Now complete the paraliclogram OPQR.
>
We define a + b = OQ i.c. the diagonal starting from O.
BQ is called the resultant of a and b.
“This is the parallelogram law for the addition of vectors. Note that we use the symbol
“+" though here it means ‘combined with’ and not arithmetical addition.

As RQis parallel and equal to OP, RQ = a.
18 pare) oy
Then OR +RQ=b+a=0Q=a+b.
Hence a+b=b+a.
In practce, it is not necessary to draw the parallelogram. The vectors can be placed

‘end-on’. PQ s equal and parallel to OR 5o PQ = b. We draw a and then b starting from
the end of a (Fig.8.12).

Fig8.12

‘The third side OQ of the triangle gives a + b.
More than 2 vectors can be combined in this way. For example,in Fig.8.13,
a+b=0QandOQ+c=a+b+c=0K.

asbic

Fig. 8.13 o
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DIAGONALS OF A PARALLELOGRAM

In Fig.xi.u.ab ,OR = b. A

Then GQ = a + b. v
b
Fig8.14 ° A A

EP=§Q*@=|+(—h)=n-b.
AlsoPR=-RP=—a-b)=b-a.

‘These last two results are important and can be remembered as follows:

a~b s the vector from the endpoint of b to the endpoint of a;
the vector from the endpoint of a to the endpoint of b

b
where a and b start from the same point (Fig.8.15).

b

Fig8.15

Example 3
(i) 2a+ b, (ii) a = b, (iii) a - 2b.
(), [0}
A /
(3
/ /
g

Fig. 8.16(a)

Fig. 8.16(b)

(The vectors are shown in Fig. 8.16(b).)
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(i) Draw 2a followed by b.

(ii) Draw a followed by -b. Alternatively draw a and b from the same point and use
the rule above.

(iiii) Draw a followed by -2b.

Example 4
In AABC, AB = a, AC = b and M is the midpoint of AB (Fig 8.17).
s e meports,
State in terms of a and b, (a) AM, (b) MC, (c) CM. Fig. 8.17

> o
(@) AM=3AB=3 c

R
(b) MC = AC — AM (from the end of AM to end of AC)
=b-ja b

o o
© ChM=-MC=Ja-b.

Example 5

OA, OB and OC are the vectors a, b and  respectively. D is the midpoint of AB and
E lies on BC where BE = 2BC (Fig 8.18). State in terms of a, b and c,

o — P
(a) AB, (b) AD, (c) OD, (d) BC, (e) BE, (f) OF, (g) DE.

Fig. 8.18




-
@ AB=b-a
ol
®) AD= 3 (b-9)
g |
© OD=0A+AD=a+ib-2="L@+b)
iy
@ BC=c-b
oy
(¢) BE=2(c-b)
g
() OE=0B+BE=b+2c-b)=2c~b
o o
DE

OE-Ob=2c-b-t@+hy=20-%-2

Exercise 8.2 (Answers on page 624.)

1 Given the vectors a and b in Fig.8.19, draw the vectors
(a) a+2b, (b) 2a-bh, () 3a-2b,

o

Fig. 8.19

- = -, -
2 In AABC, AB = a and BC = b. State in terms of a and b, (a) AC and (b) CA.

3 Given the vectors a, b and ¢ in Fig.! ), draw
(@ a+2b, () a+2b+e, () a-b+c,  (d) ja+tb-2c

Fig.8.20

41f|a|=|b|butab, explain why a + b bisects the angle between a and b and is
perpendicular 1o ~b.

S5in AOAB Cl:\‘ a, OB b and M is the midpoint of AB. State in terms of a and b,
(@) AB (b) AM, (c) OM
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6 In 20PQ, OF = p. 6Q = q. R is the midpoint of OP and $ lies on OQ such that
0S = 35Q. State in terms of p and q, (@) OR, (b) PO, (c) 08, (d)RS.

7 In £:0AB, GA =, OB = b. BC is drawn parallel to OA (in the same diection) and
BC = 20A. Sute intems of . and b, (&) AB, ® BC. (©) OC. (&) AC

8 OACB is a parallelogram with OA = a and OB = b. AC s extended to D where
AC = 2CD. Find, in terms of a and b, (2) AD, (b) O, (c) BD.

9 OAB is a triangle with OA = a and OB = b. M is the midpoint of OA and G lies on
MB such that MG = £ GB. State in terms of & and b () OM, (b) MB, (c) MG, (d) OG.

10 OA=p +q, OB = 2p - q, where P and q ar two vectors and M is the midpoint of
AB. Find in terms of p and g, (a) AB, () AM, (c) OM.

POSITION VECTORS

I O is the origin, then the vector OA is called the position vector of A. For cxample, if
Y

the position vector of A is 2a ~ 3b, then OA is 2a - 3b.

Using Vectors

The following principles should be carefully noted:
(1) I ma-+nb=pa+qbthenm=pandn =g, (Scc Examples 6 and 9).

(2) Ifthe points P, Qand R llinear, then PO =kQR (and 7]
and QR are parallel but meet at Q. (See Examples 7 and 8). We could also use
s
PQ = kPR.

(3) I the vectors ma + nb and pa + gb are parallel, then % = 7. (See Example 10

Example 6

Ifp=2a-3band q=a+2b, find numbers x and y such that xp +yq =2 - I2b.
Xp +yq = x(2a - 3b) + y(a + 2b) = (2x + y)a + (3x + 2b

By (1) above, if this vector is to equal a — 12b, then the multiples of a and the multiples
of b on cach side must be separately equal.

Hence 2¢ + y = 1 and —3x +2y 2
Solving these equations, x = 2, y
Checking this, 2(2a - 3b) - or Zb) = a- 12b as required.
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Example 7

The position vectors of P, Q and R are a—2b, 2a - 3b and jia - 6b, where L is a scalar
constant. If the points P. Q and R are collinear, find
(a) the value of u and (b) the ratio PQ:QR.

= -
First we find PQ and QR.

5 o o

@ Py=00-0b=2a-3b-@-20)
QR =OR~0Q = y1a - 6b - (2a-3b) = (- 2)a~3b
Nowif P, Q and R areto be colinear, PO = kOR.

band QR = (u-2)a-3b
Comparing these, the multiple of b in QR is 3 so the multiple of a must also
be 3. Hence p~2 =3 or p=5.

(®) Whenp=>5,| P |=|a-b|and| QR |=| 3a—b) | which gives the ratio PQ:QR
as 13,

Example 8
> >
0P = 3a +b, 00 = (a ~b) and OR = 4a +4b.
Given that P, Q and R are collinear, find the value of i and the ratio PQ:QR.
S o o
PQ=0Q-OP=pa—-pb-3a-b=(-3a-(@+b
QR =0OR-0Q =4 +4b—pa + b =(4—)a + (u+4)b
‘The relation between these vectors is not as straightforward as it was in Example 7.

We shall have to find an equation for 1, If P, Q and R are collinear, PQ = kQR so the
multiples of a and of b in the two vectors must be in the same ratio.

u-t
Then = iy
Py -
Hence PQ = -a - 3b and QR = 2a + 6b = -2(-a - 3b).

‘The ratio PQ:QR = 1:-2 which means that QR is twice as long as PQ but in the
opposite direction as shown in Fig.8.21.

which leads to 4 + 1 - 12 = 2 - 3t = 4 giving t = 2.

N
R QR =-2PQ

P

a
Fig8.21 \
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Example 9

-
InFig822, 00 = a and OB = b. C lies on OA where OC = % OA, D is the midpoint
of AB and BC and OD intersect at M.
S .
(a) By taking OM = pOD and BM = gBC, where p and q are numbers, find two
vector expressions for OM.
Hence find (b) the values of p and q. (c) the ratios OM:MD and BM:MC.

Fig.8.22

=

Fusl find OM as_Pm of OD To obtain OD we find AD

AB= b~as0AD ib-a
ThenOD 0A+AD—I+2[h—.=%(n+h)
SoOM=pOD =5(a+b) = 5a+ Zb. @

. gy oo
Now to find another expression for OM, we use OB + BM.

First find BM as e of BC.

BC= oc ob= Ja-b s0BM=g(Za-b)

Then GV = GB + BM =b +g(2a-b)= Ya+(1-gb i)
(®) As (i) and ;i) are expressions for the same vector, then by (1) above, the multiples

of a and b are cqual

Sof=%
-qgiving ¢ =
© OM— 0D so OM:MD = 4:1 andBM_ 5lat:soBM MC = 32,

- g. We solve v.hesc equations.

% and hence p =

Ratio Theorem (Optional)

‘This theorem is not necessary for this syllabus but may be found useful. It gives a direct
way of finding the position vector of a point dividing a line in  given ratio. In Fig. 8.23,
G =2, OB = b and P divides AB in the ratio pig. We wish to find OP.



Fig. 823

o

S o o -

OP = OA + AP =a+ ;R  AB=a+ ;8 (b-a)= Q“qg;,l’

‘This is known as the ratio theorem for vectors. Note carefully that ¢ multiplies a (on the

other side of P) and p multiplies b.

For example, if P was the midpoint of AB, then p
iy o 5

So OP = 240 If AP = [AB thenp =1, q—Znnd ob =

Ab=} AB where the position vectors of A and B are 3a — 2b and -a + 5b, then p = 3,

be 23a=2b)

"' Similarly, if

q=2 and the position vector of P will

Note: Care must be taken when P divides AB externally i.c. P lies outside AB. One of
p or g must then be taken as negative (Fig. 8.24).

A Fig. 824

Ob = zqatrb
—q+p
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Example 10

In Fig. 8.25, the position vectors of the
points A, B and C are 2a - b, 4a + 5b and

~a + 4b respectively. L and N are the o
midpoints of AB and AC respectively.

M s a point such that LM = i .

(a) Find the position vectors qu. Mand 2a-b

N and (b) show that B, M and N are

collinear and state the ratio BM:MN.

(c) P is a point on BN produced such that B

BP = pBN. If PC is parallel to AM, find L

the value of p. A Fig. 8.25

~a+4p

4a+5b

(a) The position vector of L is 28=b)+(a+5b) — 35 4 op,
AsLM = JLC,LM:MC = 122 :
The position vector of M is 288+ 20)+ 1catdb) _ Sav8h
The position vector of N is “—--_hw =atdh

o -

(b) We find BM and MN.
ﬁl:(ﬁd—O_)B—S%"—(4n+5b =
-

b
oL
]
=]
=
W
*

© Bb+ ﬁ: B

50 pBN + PC = (-a + 4b) — (4a + 5b)
~@a+5b)+ P =-5a-b
)4 BE =-Sa-b

giving PC = (2510 »,(71';_111,

A=smss_0q_p)=

1If these are parallel, the multiples of a and of b must be in the same ratio.
p-10 7p-2

Hence —2— = —2—je. 22510 T2

+ 11

l+”h

3 3
which simplifies t0 77p ~ 110 =-Tp + 2 or p = 4.
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Exercise 8.3 (Answers on page 625.)

1 Given that p = 3a - b and q = 2a - 3b, find numbers x and y such that
xp+yq=a+9b.

20fa=3i+2jb
patgb=c.

3 Given p =2i +3j and q = i - j, find numbers x and y such that xp + yq = ~4i ~ 11j.

41fp=2a-5bq=a+2bandr=a- I6b, find numbers x and y such that
Pp+yq=r.

= o

5 1fOP =2a-5b,0Q
and state the ratio PQ:QR.

6 The position vectors of P, Q and R are a ~ 2b, 2b and —4a + kb respectively. If P,
Qand R are collinear, find the value of k. What is the ratio PQ:QR?

7 Given that OP = a + b, OQ = ka and OR = 7a — 2b, find the value of k if Q lies
on PR

~2i + 3f and ¢ = 12i - 5j, find numbers p and g such that

bmdal=lll+7b,5hnwlhllP.andmellinur

8 The position vectors of P, Q and R are 22— b, ji(a — b) and a + b respectively. Find
the value of p if PQR is a straight line. State the ratio PQ:QR.

9 (a) The position vectors of L, M and N are p +2q, m(p + q) and p - g respectively.

Find the value of m for which LMN is a straight line, and state the ratio LM:MN.

(b) The position vectors of A, B and C are a + 2pib, pa — b and 2a — 3b respectively.
If AB is parallel to OC, where O is the origin, find the value of

10 The position vectors of A and B are
meorem or omerwise, find me posi
) AP= H AB.(©)4AP =3AB, (&) Plies on AB extended and AP = 3BP, (¢) P lies
on BA exténded and AP = 2BA.

11 GA =2a - 4b and OB =4a + 6b, where O s the origin. P and Q are the midpoints
of OA and AB respectively. (a) State the position vectors of P and Q. (b) G lies on BP
such that BG = 2GP. Find the position vector of G. (¢) Show that O, G and Q are
collinear and state the ratio OG:GQ. (d) R lies on OA where OR =pOA. If BR is
parallel to GA find the value of p.

12 P and Q divide the sides BC and AC respectively of AABC in the ratio 2:1.

If AB = a and AC = b, find (a) QP and (b) show that QP is parallel to AB and
one-third its length.

13 OABCis lpanllclngnmvm.hOA nndoc ¢, D lies on OB where OD:DB = 1:4.
AD meets OC at E By taking OF = pOC and AD = gAE, show that

3 L@+o=0-ga+ppe
Hence find the values of p and g and the ratios OE:EC and AD:DE.

- 2band 3a + 4b respectivly. Using the ratio
ion vector of P where (a) AP 2PB,
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14 OABC is a parallelogram in which GA = a and OC = b. M s the midpoint of AB and
MC meets OB at X.
X,y o
(@ By taking MX = pMC and OX = gOB, express OX in tems of
(i) p,aandb, (i) g, a and b.
(b) Hence cvaluate p and ¢ and state the ratios OX:XB and CX:XM.
15 C lies on the side OA of AOAB where OC:CA = 2:1. D lies on the side OB where
OD:DB = 1:2, AD meets BCat T.
(@) Taking OA =3, 0B =b, AT =pAD and CT = ¢CB, find two expressions for OT.
Hence find (b) the values of p and q and (c) the ratios CT:TB and AT:TD,
16 Cand D divide OA and OB respectively in the ratio 1:3. E divides CB in the ratio 1:4,
& "
Taking OA = a and OB = b, use vector methods to prove that DEA is a straight line
and find the ratio DE:EA.
17 In AOAB, C divides OA in the ratio 2:3 and D divides AB in the ratio 1:2. OD meets
CBaE o S5 o o
@ Taking Gh =2, B = b, O = pOD and k= ¢Ch, obtain two expressions for
OF.
(©) Hence find the values of p and ¢.
(c) State the ratios OE:ED and CE:EB.
18 The position vectors of A and B are a and b respectively relative to an origin O. Cis
the midpoint of AB and D divides OB i the ratio 2:1. AD and OC meet at P.
Of AB a1d D divides OB o,
(8) Taking OP = pOC and AP = gAD, express OP in two different forms.
Hence find (b) the values of p and g and (c) the ratio OP:PC. (&) Q lies on BA
5
produced where AQ = kBA. State the position vector of Q. If OQ is parallel to DC,
find the value of k.

19 OABC is a parallclogram with OA=a and oc e OB is extended to D where
iy
Ob = Bb and O is catended o E where AE = JOA. CE and AD eet at X.
(@) Taking AX = pAD and CX = qCE, find two expressions for OX.
(b) Hence find the values of p and ¢ and the ratios AX:XD and CX:XE.
P
(©) Flies on AD and BF is parallel to CE. Taking AF = rAD.find the value of r.
() Hence state the ratio BF:CE.

20 GA =2 and OB = b. OB is produced to C where GB: 2BC. D s the midpint of AB.
OD produced meets AC at E. Taking OD = pOE and AE = gAC, derive two
expressions for O and hence fnd th values of p and q and the ratios OD/DE and
AEEC.

21 OABCs a paralielogram with GA = and GC = . D les 0 OC where OD:DC = 1,2
and & s the midpoint of CB. DB meets AE at T. Taking DT = pDB and AT = gAE,
form two vector expressions for OT and hence find the values of p and q.

22 "The position vectors of A and B are a and b respectively, reative (0 O, C lies on OB
where OC:CB = 1:3. AC i produced to D where AD = pAC. If DB is parallel to OA,
find the value of p.
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23 The position vectors of the points A, B and C are 7a — 2b, a + b and a - 2b
=
respectively. Lis the point where AL = 1 AB. M s the midpoint of BC and N s the
point such that CN =2CA. Find the position vectors of L, M and N and show that
these points are collinear. State the ratio ML:LN.

24 A, B and C have position vectors a — b, 3a + 2b and 4a — 3b respectively. P lies on
AB where AP:AB = 2:3, Q lies on BC where BQ:BC = 3:4 and R lies on AC extended
so that AC = CR. Find the position vectors of P, Q and R and show that P, Q and
R are collinear. State the ratio PQ:QR.

COMPONENTS OF A VECTOR:
UNIT COORDINATE VECTORS

o > ) e
Suppose AB = a and BC = b (Fig.8.24).

Fig. 8.26
A

-
The resultant of a and b is AC = r = a + b. The vectors a and b are called the components
of r. The components of a vector F are any two vectors whose resultant is r. A vector can
therefore be resolved into two components in an infinite number of ways. However if

we take the components parallel to the x- and y-axes (Fig. 8.27), they will be unique and
perpendicular.
¥

Fig. 8.27 L)

‘We now define two standard unit vectors i and j called the unit coordinate (or base)

vectors (Fig. 8.28). Y

Fig. 8.28 < i
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iis a vector in the direction of the positive x-axis and | i | = 1
J is a vector in the direction of the positive y-axis and | j | = 1.

‘The perpendicular components of any vector can now be expressed in terms of | and
J in a standard form. For example, suppose the vector AC = r has components of
magnitude 3 and 4 paralle o the axes Fig. 8.28).The horizontal component AD = 3i and
the vertical component D DC= - 4j.

Hence the vector r = AD + DC =31 + 4},

¥ is now expressed in terms of the base vectors  and j.

y

Fig. 8.29

an also be witten as (1), ie. in column vector form. [Do not confuse with
coondinates (34)). For cxample, 2i - 3] can be written as (_3). i=(})andj=(9).
Given r in terms of i and j, we can find | r | and the angle 6 it makes with the positive
x-axis.
From AADC (Fig. 8.28), AC* = AD* + DC?, so| r* |= 3 +4*=25and | r | =25 =5.
tan 0= giving 6 = 53.13°,

Note: To find  for a given vector, draw a diagram to locate the correct quadrant as
tan = 2 will give two values for 0° < 8 < 360°.

In general for a vector r with perpendicular components of magnitude a and b (Fig. 8.30):

Fig. 8.30
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Example 11

The position vector of A is ~2i + 3]
(a) State the coordinates of A.
=
(b) Find [OA | and the angle the vector OA makes with the x-axis.

Fig. 8.31

(a) The coordinates of A are (-2,3) (Fig.8.29).
() |OA]=|-2i+3| =V +2=V13=36
3 giving 8 = 123.7° (2nd quadrant, Fig.8.29).

Example 12

o o
(a) OC has the same direction as (=}) and / OC /= 30. Express OC as a column
vector.

(b) The position vectors of A and B are (%) and ( }) respectively. Find
(i) AB. (ii) the equation of AB.
O i 3 O 3k
(@ OC must be a scalar multiple of () so OC = () where & > 0.
= N . =, Ot = (-18
| OC [=9%+ 16k =25k so | OC | = 5k =30 and k = 6. Hence OC = (4§).
5l O i % (i e 3D = % S
® ) AB=0B- OA=i-2j-(2i+3)=3i-5]
(ii) The coordinates of A and B are (-2,3) and (1,-2).
Hence the equation of AB is -
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Example 13
The position vectors of A, B and C are 2i - j, 3i + 2§ and -31 + 4] respectively
(Fig. 8.32).
. -
(a) Find B |, [BC | and | AC | and show that AABC is right ungled.
(b) If the position vector of D is —# - . find the angle BD makes with the x-axis.

Fig. 8.92

@ AB=3i+2-Qi-j)=i+3j;|AB|=VI0
gy >

31 +4j - (3i + 2j) = —6i + 2§ ; | BC| = Va0
V50

c; j 4j)=5i-5);|Ch
Py Py g
As|CA|2=| AB |2+ | BC |2 the triangle is right angled.

—Gi+2h)=-Ti-3
giving © = 203.2° (3rd quadrant).

Unit Vectors

‘The magnitude of the vector a = 3i+ 4j is | 31 +4] | = 5 5o the vector is 5 units long. Hence
the vector 234 is one unit long and is in the same direction as a. This is the unit
vector in the direction of a (Fig. 8.33). It is written as & (read ‘vector a cap’).

4 -% (31 + 4))

Fig. 8.33

If r = ai + bj, then T

For example, if a =
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LSk 2 . = i3
Again, if OA = (). the unit vector paralle to. AO would be 2=

Exercise 8.4 (Answers on page 625.)
1 On graph paper, mark the positions of the points with position vectors i +j, ~2i - j,
3i+2j,- 3.
2 A,Band C are points with position vectors 2i = 3j, i +2j and 4i - j respectively. Find
e ey
in terms of i and j, the vectors AB, BC and CA.
3 The position vectors of A and B are 3i + j and 2i + 3] respectively. Points C and D
have position vectors given by OC = AQ and CD = AB.
(@) Find the position vectors of C and D in terms of i and j and show the positions
of the four points on a diagram.
(6) Express DB in terms of i and j.
(c) Find | DB | and the angle DB makes with the x-axis.
4 Find the magritude and the angle made wih the x-axis of the vectors
@CH ® ) ©2+3 @ i-
5 @ The coordinates of A are (-3,2) and the pcsx(ion vector of B is 2i + 4j. Find the
vector BA.
Y
(b) The vector OA has magnitude 25 units and s in the same direction as (_}). The
>
vector OB has magnitude 6.5 units and is opposite in direction to (;3). State
the vectors AD and AB in column vector form.
6 The point with position vector 3i — 2j is displaced by a vector ($). Find its new
position vector.
o
7 1f the coordinates of A are (2, 4) and AB = i + 2j. find the position vector of B.
8 () If —8jand b =i+ 3j, find & and b.
= S X - =
(b) OA =(_3)and OB = (_]). Find the unit vectors parallel to AO and BA.
9 In this question, take a = 3i + j, b = —i + 2j, ¢ = 3i. Find () & and (i) b.
Express in terms of i and j, (iii) a + 2b, (iv) 2¢ - 3b, () a + b - 2¢.
Find (vi) | a + 2b |, (vii) | 2¢ — 3b |, (viii) [a + b = 2¢].

10 The position vectors of A, B, Cand D are i + 3], 2i - j, ~i - 4j and 3i + 2j respectively.
o P
Find in terms of i and j the vectors (a) AB, (b) BD, (c) CA, (d) AD.

11 The position vectors of A and B are 2i + 3j and 3i - 8j respectively. D is the midpoint
of AB and E divides OD in the ratio 2:3. Find the coordinates of E.

12 P and Q have position vectors 5i + 2§ and i - 4] respectively. If OP = 30Q + 20R,
find the position vector of R.

13 A, B and € have coordinates (1,2), (2,5) and (0,-4) respectively. If AB = D, find the
position vector of D.
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14 The position vectors of A and B are 3i +j and i + 2] respectively. Find the position
vector of C if AB = BC.
15 Points A and B have position vectors 2i - j and i + 3j respecively.
(@ Given that OC = AB and AD = CB, find the position vectors of C and D.
(6) Show the positions of the four points on a diagram.
(©) Find ICDI and the angle CD makes with the x-axis.

16 The position vectors of A and B are 4i +5j and i ~2j respecively. Find the position
vector of C if 30A = 208 + OC

17 The coordmams an .uld B are (2,3) and (-2,5) respectively. Find the position vector
of Cif 20A = 208 + BC.
18 Show that the points with position vectors 4i + 5], 3i + 3j and -3] are collinear.
19 What is the gradient of the line joining the points with position vectors 2i + j and
i+3j2
20 Show that the triangle whose vertices have position vectors 2i + 4j, Si + 2j and
3i + 5§ is isosceles.
21 (a) The velocity v m s of a body is given by the vector v = i +3j.
Find the speed of the body and the angle its path makes with the x-axis.
(b) Ifits position vector at the start was i + j, what is its position vector (i) after 1 sec,
(ii) after 3 secs, (iii) after ¢ secs?
(c) After what time wil it reach the position given by 7i + 192
22 Abody is moving with velocity vm s-! where v = 2i - 3. If it started from the position
i+ 4j, what is its position after 3 seconds? How long wil it take to reach the position
16 -7

23 The position vector F of a point on a straight line is given by r =
ris a number.
(a) What is its position vector when r = 27
(b) Find the position vector of another point on the line by taking any other value
of «
() Hence find the gradient and the equation of the line .

J+12i- j) where

24 Find the gradient and equation of the line given by r =
number.

§+ K- J) where kis a

25 The position vector r of a point s given by r
What s its position vector when (a) £ = -1, (b)
(¢) What is the value of £ when its position vector is 7i + 9j?

§ -+ 1+ 2j), where tis a number.
Ed

26 1If the vectors mi - 2j and 4i - 6 arc paralicl, state the value of m.

27 The position vectors of A and B are 3i ~2j and i + j respectively. Find the value of
1if OAB is a straight line.
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28 OABC is a parallelogram where O is the origin. The position vectors of A and B are
4i+6j and 6 + 8] respectively. D is the midpoint of CB and E is the midpoint of AB.
OD meets CE at F.

(@) State the position vectors of C, D and E.
®) By tx.kmg OF = mOD and CF = nCE, find the values of m and n and the ratio

29 (a) State the condition for the lines y = m,x + ¢, and y = m,x + ¢, to be perpendicular.
(b) The points A, B, C and D have position vectors i + j, 3i ~ 2j, -3i - 3j and —j
respectively. Find the gradients of AB and CD and show that these lines are
perpendicular.
30 The points A, B, C and D have position vectors i, 2i + 3j, 2i +  and Si respectively.
Show that AB and CD are perpendicular.

31 P, Q. R and S have position vectors i + 2j, 3i - j,—i — j and ki + j respectively, where
kis a number.
(@) Find the gradients of PQ and RS.
(b) For what value of k will the lines PQ and RS be perpendicular?

32 Ifa=3i+4jand | b | = 2, what are the greatest and smallest values of |a + b ?

SCALAR PRODUCT OF TWO VECTORS

Vectors can be ‘multiplied” in two ways. In one, the result is another vector, called the
vector product but we shall not use this method. In the other, the result is a scalar so it is
called the scalar (or dot) product.

‘We write the scalar product of a and b as a.b and define it as

ab=|ajx|b|xcos®=abcosd

where © is the angle between the vectors (Fig. 8.34).

Fig. 8.34

For example, if |a|=2,|b|=3 and the angle between a and b = 60°, then
ab=2x3x05=3.

The scalar product is always a number. This will be negative if 90° < 8 < 180° as
cos 0 is then negative. |a | and [ b | are always positive. From the definition we can
derive the following important facts:

I The scalar product is commutative
ab=|a|x|b|xcosBandba=|b|x|a|xcos®

Hence ab=ba
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1 Parallel vectors

1f 2 and b are parallel but in the same direction, then 8 = 0° (Fig. 8.35(a)).
abcos0°=ab=|a|x|b|.

Fig. 8.35 -— [0}

If a and b are parallel but in opposite dircctions, then @ = 180° (Fig. 8.35(b).
ab = ab cos 180° =

Hence i.i (written as ) = 1 and j?
Also (3i +4).Gi + 4j) = | 3i +4j [P =

Il Perpendicular vectors
If a and b are perpendicular, then 8 = 90° and cos 90° =
Hence a.b = ab cos 90° = 0.

a.b =0 if a is perpendicular to b

Hence i = ji= 0.

Conversely, if a.b = 0, then a and b are at right angles (unless cither a or b or both
are 0).

IV Distributive law for a scalar product

In ordinary algebra, a(b + ¢) = a X (b + c) = ab + ac, i.e. we can ‘remove the brackets’.
The ‘X" is distributed over the ‘b + ¢". This is known as the distributive law for
products. The same law is true for scalar products: a.(b + ¢) = a.b + a.c.

‘ Example 14 l
| Ifa=2i+3jandb =i-2j, find ab. t
| ab = (i+3)6-2)). i
| |
i
i

2§) + 3j(i - 2j) by the distributive law
—2i.2j + 3j.i - 3j.2j using the law again
2 -0+ 0 -6asii=jj=landij=

=

. From this we see that we only need to multiply the two  and the two j terms and add |
the results. The i terms are ignored.
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i
So (21 +3))i-2) =2-6=—4.
i
-6
By the same method we can show that in general:

(i b Do+ b, = (3. (R)=aa, + b,

Example 15

The position vectors of P and Q are 2i +§ and -3i + 2j respectively.
Find ZPOQ (Fig. 8.36).

Q
-ai+2) paisi

Fig. 8.36

From the definition, a.b = ab cos 8

Then cos § =

ab
i.e. the cosine of the angle between two vectors is the scalar product divided by
the product of their moduli.

Hence cos £POQ = DI+ _ 622 __g 4961

[2i+ 3 x[-31+2] Vs V13
giving ZPOQ = 119.74°.

Example 16

The position vectors of A and B are 21~ 3} and i + 2§ respectively.

(a) Find the value of  for which OA and OB are perpendicular.

(b) Ift = 4, find ZAOB to the nearest degree.

(a) 1f OA is perpendicular to OB, then their scalar product = 0.
S0 (2i-3).(fi+2))=2-6=0and 1 =3.

__Gi-W@ie2) _ 2 _
() cos £AOB = (AU _ 2 01200
Hence ZAOB = 83°.
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Example 17

Find the relationship between p and q if the vectors a = pi +3j and b = 2i + gj are
at right angles. Given that q = -2, find [a +b .

To be at right angles, (pi + 3j).(2i + gj) = 0.
Then 2p + 3¢ = o

If g = -2, then

|n+h|~|3|+3_|+21 2| =|5i+j|=V26

Example 18
Astraight line passes through the point A whose position vector is 3i +J and is parailel
10 the vector 4i +3j.
(a) If the position vector of any point P on the line is p, show that
P =30+ +1(4i +3j).
(b) Find the value of t for which OB is perpendicular o the line.
(c) Hence find the distance of the origin from the line.

Fig. 8.7

(@) In Fig. 8.37, A s the point with positon vector 31 +.
Ab s parallel 0 4§ + 3 50 AP = 4 +3]) where s any number.
Then OP = p = OA + AP = 3i + j + 1(di + 3)).

(b) OP = (3 +4ni + (1 + 30j
IF OP s pependicular to 4 + 3 then (3.+.41) x 4.+ (130 x 3=0.
“This gives 12+ 161+ 3+ 9t =0ort= ;.

(c) When t= -3, the position vector of P=3i + j~3(di + 3= 3 - 4.

“The distance from O to the line will then be | OP | = 3 + 16 = 1.
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Exercise 8.5 (Answers on page 626.)
For questions 1 7, take a = 2i + 3j,b = =i + 2j, ¢ =
1 Find the scalar products () a.c, (b) b.d, (¢) b.c.

2 Which two of the vectors are perpendicular?

3 Evaluate b%.

4 Find the angles between (a) b and ¢, (b) a and d.

§ The vector i + J is perpendicular to b — a. Find the value of 1.

6 Find the angle between a + b and ¢ + d.

7 Find the relation between m and n if ma + nb s parpendicular to ¢ - b.

8 Givena=3i-2j.b=4i+jandc=2i+7, verify that a.(b + ¢) =ab +a.c.

9 1fp=3i+4j,q="2i-3jand r = 5i + j, show that p.(q — F) = p.q — p.r and find the
angle between p and q.

10 The position vectors of A and B are 4i + 3] and 7i - j respectively. Show that OA is
perpendicular to AB and find ZAOB.

11 The position vectors of A, B and C are 3i + j, 4i + 3j and 6i + 2j respectively.

(@) Show the positions of the points on a diagram,.
(b) Find £B.
() Hence find the arca of AABC.

12 Two bodics are moving in a plane, one parallcl to the vector 3i - , the other paralle]
1o —4i +2j. Find the angle between their paths.

13 1f the vectors f + 2§ and fi - 8§ are perpendicular, find the values of 1.

14 1f the vectors 2pi — 3j and pi + 6 are perpendicular, find the values of p.

15 AQ23), B(-1.4) and C(5,-2) are three points, Evaluate BA BC and hence find ZABC.

16 The positon vectors of A, B and C are 2§, 3i + 4 and Si respecively.

Find BA.BC and hence find ZABC.

17 OABC is a parallclogram with OA =
midpoints of BC and AB respectively
@) Find the position vectors of P and Q.
(b) Evaluate OP.OQ and hence find ZPOQ.

i+ 2 and OC =—6i + 4. P and Q are the

18 OABC is a parallelogram where the position vectors of A and C are 3i + 6] and —2i + 4
respectively. (a) Find the position vector of B. D is the midpoint of OC and E divides
OA in the ratio 2:1. Find (b) the position vectors of D and E and () ZBDE.

19 ABCD is a quadrilateral where the position vectors of A, B, C and D arc a, b, ¢ and
d respectively. o S L
() Statc in terms of a, b, ¢, d (i) AB, (ii) CD, (iii) AC, (iv) BD.

(b) If (c - d) = k(b — a) where k> 1, what type of quadrilateral is ABCD?
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() State in terms of a, b, ¢, d, the condition for the diagonals to be at right angles.
(@) If|d=b||c—a|=2~b). (c~a) what is the angle between the diagonals?
20 The position vectors of A, B and C are 3i + ,
o veetas
such that AP = kAB where k is any number.
(2) Find the position vector of P in terms of &, i and j.
(b) Find the value of k if PC is perpendicular to AC.

3j and Si respectively. P is a point

20 =3 r,=i+jandr,
perpendicular 1o 1r, + r..

~ 3j, find the values of £ so that , + r, will be

22 A and B have position vectors 3i + 6] and 61 + 3 respectively. C lies on OA where
OC:CA = 1:2 and D lies on OB where OD:DB = 2:1.
@) Find the position vectors of € and D.
() Find CD and AB in tems of i and j.
(¢) Hence find the angle between CD and AB.

23 The position vectors of A and B are 4i + j and i + 7] respectively.
(a) Find ZAOB.
(b) C lies on AB where AC:CB = 2:
(©) Hence find ZAOC.

. Find the position vector of C.

24 The points A, B and C have position vectors 3i + 3j, 8i + 2 and i + 11] respectively,
where |1 is a positive number. D lies on BC where BD:DC = 1:2.

(a) Find the position vector of D in term of ., i and j.

(b) Express AD in terms of , i and j.

(c) If AD is perpendicular to BC, find the value of j1.

B
R

‘The position vectors of A, B and C are 3i+ 4j, 8i 6] and mi + nj respectively, where
m and n are numbers.
(a) Evaluate (3i +4j).(mi + nj).
= 3
(b) Find | OA | and | OC|.
(c) Hence express cos ZAOC and cos ZBOC in terms of m and .
() If ZAOC = ZBOC, find the relation between m and n.
(¢) Hence find the equation of the line OC.

SUMMARY

Magnitude of vector a = | a

a.

® Ifa= kb, where kis a scalar (a number) 0, then the vectors a and b are paralle]
and in the same direction if k > 0 but in opposite directions if k < 0.
lal=[k]x|b]

ly if a and b are parallel (a # 0, b #0), then a = kb. P, Q and R are collinear

P S

if PQ =kQR (or PQ = kPR) and conversely.

Converst
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= o
® IfOA=a,OB=b,a+bis the diagonal OC of the parallelogram OACB.

® a-bis the vector from the end of b to the end of a,
b~ ais the vector from the end of a to the end of b,
where a, b start from the same point.

® Ifma+nb=pa+gbthenm=pandn=gq.
-

® “The position vector of A is the vector OA where O is the origin.

i, j are unit vectors in the directions of the positive coordinate axes.

Column vector form: ( §) = ai + bj
If £ = ai+ bj =(§). then | | =Va? + b tan 0 = & (check for the correct
quadrant).
® The unit vector in the direction of r is 7.
167 =i+ bj, then F = =
Scalar product of a and b =a.b = [a | x | b cos @ where 8 is the angle
between a and b

oipo
€080 1]

Commutative law: ab = b.a

Distributive law:  a.(b +¢) =a.b + a.c.

If a and b are parallel, a.b = ab (same direction), or a.b = —ab (opposite
directions).

IFa and b are perpendicular, a.b = 0.

@i +bi)aj+b, D)=

;:).(;:) =aa, +bb,

REVISION EXERCISE 8 (Answers on page 626.)
A
1 Given a=2i - 5, b = ~5i - 12j and ¢ = mi + nj, calculate
(a) a.b, (b) the angle between a and b.
() If a.c = b.c, find the relation between m and 1.
o
2 The position vector of A relative to an origin O is 3i + 5]. Given that AB = 8i + 2j,
evaluate OA.OB and hence find angle AOB. (©)
3 The points A, B and C have position vectors p +q, 3p - 2q and 6p + mq relative to
an origin O. Find the value of m for which A, B and C are collinear. ©
4 The position vectors of A and B relative to an origin O are 6i + 4j and 3i + pj
iy
respectively. Express AO.AB in terms of p and hence find (i) the value of p for which
AO s perpendicular to AB, (ii) the cosine of ZOAB whenp = 6. ©
5 A, Band C are points with position vectors 4p —g, u(p + g) and p + 2q respectively,
relative to an origin O. Obtain expressions for AB and AC. Given that B lies on AC,
find the value of 1. (©
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Y = >
6 (2) OA is perpendicular to (“§) and | OA | = 15. State OA in column vector form
if Alies in the first g :
(b) | ai+bj | =5 and ai + bj is perpendicular to 8i - 6]. Find the value of a and of
b.

7 Points A and B have position vectors a and b respectively relative to an origin O
Y
(Fig. 8.38). The point D is such that O = pOA and the point E is such that AE =
gAB.
B

Fig. 8.38
[

The line scgments BD and OF intersect at X. If OX = §OF and XB = § DB express
O and XB in terms of a, b, p and 4 and hence evaluat p and g. ©

8 (@) Given that OM =i+ 3j and ON
MON to the nearest degree.

(b) The position vectors, relative to an origin O, of two points S and T are 2p and 2q

respectively. The point A lies on OS and is such that OA = AS. The point B lies

on OT produced and is such that T = 2TB. The lines ST and AB interscct at R.

Given that AR = A AB and that SR = T, express OR () in terms of p, q and

A, (i) in terms of p, q, . Hence evaluate A and p and express OR in terms of p

and q. ©)

9 The position vectors of A, B and C are a, b and ¢ respectively relative to an origin O.
Draw a diagram showing the positions of O, A, B and C given that (i) a.c = 0,
(i) b—a = k(c - a), (i) ba-¢)=0, () 2| b| =|a-c].

‘What is the position of B relative to A and C?

J, evaluate DM.ON and hence calculate

10 The position vectors, relative to an origin O, of three points A, B and C are 2i +2j,
i+ 11j and 11i + 9§ respectively.
(i) Given that OB = mOA + nOC, where m and n are scalar constants, find the value
of mand of n._
(ii) Evaluate AB.BC and state the deduction which can be made about ZABC.
(iii) Evaluate AB.AC and hence find ZBAC. ©
11 The position vectors of A and B are i+ 3j and —2i + j respectively.
(a) Evaluate OA.OB and hence find ZAOB.
Cis a point whose position vector s given by OC = GA
(b) Find the values of ¢ for which (i) OC is pcrpendxculnr to AB (i) 101 = AT,
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12 The position vectors of poinis A and B relative to an origin O are a and b respectively.
The point P is such that GP = 40B. The midpoint of AB is the point Q. The point R
is such that OR = $00.

Find, in terms of a and b, the vectors OQ, OR, AR and RP. Hence show that R lies
on AP and find the ratio AR:RP.

Given that the point § is such that O8 = p OQ, find the value of u such that PS is
parallel to BA. ©

13 P and Q have position vectors 21 + (1 + ) and (¢ + i = (1 + 2)j respecively.
1f [OF | = | OQ] show that 3 - 4 - 4 = 0 and hence find the possible values

ey
of 1. For each one, calculate OP. lﬁ and the angle POQ.

14 OABC is a quadrilateral with OA = a and OC
If (a + ©).(a — ©) = 0, what type of quadrilateral is OABC?

If,in addition, a.c = 0 what is the quadrilateral?

15 GA =2 and OB =b. C is the midpoint of AB and D divides OB in the ratio 2:1. AD
and OC intersect at P.

mesgetat o
(@) Taking OP =pOC and AP = gAD, find two vector expressions for OP and hence
find the ratio OP:PC.
(b) E divides OB in the ratio 1:2 and AE meets OC at Q. By a similar method, find
the ratio 0Q:QC.
(c) Hence find the ratio OQ:QP:PC.

16 The position vectors of A, B and C arc -a + 2b, 2a + 3b and 3a + b respectively.
P divides BC in the ratio 3:4. Q lies on AB so that AQ = ZAB. R lies on AC so
oy
that CR = 2AR. Find the position vectors of P, Q and R. Show that these points are
collinear and state the ratio PQ:QR.

17 The points A and B have position vectors 4i + 3j and i + 1 respectively.
1f cos ZAOB = 5., find the values of 1.

18 The position vector p of a point P is given by p = (cos 0)i + (si
Find the equation of the curve on which P lies for all values of .

o).

T

If ab = a.c, show that a is perpendicular to b —c.
In £5A0B, GA = a, b = b. The alitudes BD and OE interscet at H and GFt = h.
(@) State BH in terms of h and b.
(b) Show that (h - b).a = 0 and that h.(b -
b.(h-2)=0.
(©) Hence state a geometrical result about the altitudes of a triangle.
o
21 1f AB = a and AC = b, show that the area of the /A ABC s given by 2V(aby — @by,

Hence find the area of A ABC if the coordinates of A, B and C are (3,2), (~1.-1) and
(5.-3) respectively.

N
H

0 and hence deduce that
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22 The points A, B and C have position vectors a, b and ¢ respectively. L, M and N
are the midpoints of AB, BC and CA respectively. G lies on CL so that CG = 2GL.
Find the position vector of G. Show that A, G and M are collinear and state the
ratio AG:GM. (Similarly B, G and N arc collincar and BG:GN = 2:1. G is called the
centroid of the triangle ABC.)
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