Functions

RELATIONS AND FUNCTIONS

A relation links the members of two sets together. Relations can be of many kinds, e.g.
“is the father of”", i a divisor of”", “is the same age as”, “is the square of” etc. Fig. 3.1
illustrates the relation “is the father of " linking the set of men {A, B, C, D) and the set
of children {p,q, 1., t,u, v}. An arrow identifies the relation between a father and child.
The diagram shows that A has two children (p and q), B has 1 child (1), C has 3 children
(r, s and u) and D 1 child (v). So 2 arrows leave from A, | from B, 3 from C and 1
from D.

Men Children

Fig. 31 i the fatner of

In our work the relation will usually be some mathematical operation. Fig. 3.2 shows
the relation “y = 1 + x*” where the starting values (the inputs) are chosen values of x.
These are linked to the values of y produced by the relation (the outputs), i.e. the set
{1,2,5,26).

Fig. 3.2 =142

Note that only ONE arrow leaves each inpul, unlike the relation in Fig. 3.1. In Fig. 3.2
each input produces a unique output. This is a special type of relation called a function,
one of the most important concepts in Mathematis. The relation in Fig. 3.1 is NOT a
function.
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In Fig. 3.3, each member of set A s squared to produce the set of outputs B. As each input

Fig. 3.3

has a unique square, Fig. 3.3 illustrates a function f. f is “square the input”. So, if x is the
input, the output is x*.
A function is also called a mapping and we say that x is mapped onto x* by the function
f. We symbolize this as

fixb—y
Read this as f is the function which maps x onto x*".
f foperates on the input x to produce +* so we write f(x) = °. Hence the image of 2 is f(2)
=4. The image of -3 is f(-3) = (-3)* = 9. The image of a is f(a) = a* and 50 on. What
is the image of 57 What is f(6), f(~x) and f(21)? If f(x) = 49, what is the value of x?
Now look at the relation illustrated in Fig. 3.4(a).

— [

Fig. 3.4 (a) b}

I this a function? As you can see, each input has rwo outputs (2 arrows from each input).
So this operation (taking the square root, x = vx) is NOT a function. It does not
produce a unique image as x has 2 square roots ++x and —vx.

However, if we defined ¥ to mean the positive root only, then f{x) = + Vi would be a
function (Fig. 3.4(b)).



Summarizing,
+ afunction fis a process or operation which takes an input x and maps it onto a unique
output f(x), the image of x;

o fx b

+ to define f, we write, for example, f(x)

2 or f(x) = ++x or f(x) = sin x etc.

fand x are the usual letters for the function and the input respectively, but other letters
can be used e.g. F(x), g(x) or A(r), etc.

A function need not be defined algebraically. It may be stated in words, such as the
function 'Y is the father of ', or given in the form of a table such as a table of sines.

Example 1
A function f is given by f : x — X —x + 1. Find
(a)(2), (b) §(-3), (c) the image of -2, (d) f(r), (e) (3 ).
) =x-x+1

@ f@=2-2+1=3

®) () =(3P-(3+1=13

(c) The image of -2 is f(-2) = (-2)' - () + 1 =7.
Aor+l

GR-(f+1= 2xfet

Example 2

The function h is given by h(x) = £*4, x# 1. Find
(a)h(2), (b) (%), () hx + 1)

@ h@) 3

® W= =3

© htx+ )=
Note: A function may not produce an image for certain values of the input. In this
example, x# 1. 1f x=1,h(1)= 14 which is impossible as division by zero is
undefined. Hence 1 has no image under this function.

slel _ ox+2
Ter-T = x oo x#0




Example 3
F(x) = 2 + x~ I If F(x) = 5, find the values of x.
.e. x? + x — 6 = 0 which we can solve for the

F(x) = 5 is the equation x? + x
values of x.

2+x-6=0
(x+3)x-2)=0

Hence x=-30rx=2.

‘These are the two values of x which have an image of 5.
Check by finding F(-3) and F(2).

DOMAIN AND RANGE

‘There are special names for the sets of inputs and outputs. The set of inputs is called the
domain and the set of outputs the range.

Fig. 3.5 shows the domain and range ine to the funcion () = (1 - x)%. The domain is the
set (-1, 0,2, 4} and the range is the set {1, 4, 9).

S
>
Fig. 35

‘The domain can be any set of numbers which have images. It could be just a few
selected numbers or all positive numbers or all real numbers, ctc. If it is not specified it
is taken 10 be all real numbers. However, as we saw in Example 2, some numbers may
have no image and these must be stated. They are excluded from the domain.

Example 4
State the domain for the function f(x) = £

Every real number will have an image under this function except x = 0. So the domain
will be (all real values of x, x # 0}.

‘This is often briefly stated as f(x) = 1, x# 0.
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Example 5

State the domain for f(x) = Vx (positive roor).

Every positive number and 0 will have a square root but negative numbers will not.
‘These must be excluded. So the domain is {all positive numbers and 0} or just x 2 0.

Example 6
What values of x must be excluded from the domain of the function

‘This function will always produce an image except when x* +x -2 = 0 o
(c+2) (r-1)=0ie. whenx=—-20rx= 1.

‘These values must be excluded from the domain.

Hence the domain is all real values of x, x# -2 or 1)

Exercise 3.1 (Answers on page 608.)

1 For each of the following functions, find the images of -3, ~1,0, 1,2, 4:
@ f=x-x-5 ® 200 =(x+ 17
© hw = @ F@=(c+ Dx-2)

2 What value of x must be excluded from the domain of the function in Question 1
pan ()7

3 State the values of x which must be excluded from the domains of the following
functions:

©) g = £=%
@ Fw=3- 2

4 fis the function ‘square x and add 2.
(2) Write f in the form f(x) = ...
(b) Find (1), f(-1), £(0).
(¢) If f(x) = 27, find the values of x.
5 Fis the function ‘add 2 to x and then square’.
(a) Write Fin the form F(x) = ...
(b) Find F(1), F(-1), F©). -
(©) If F(x) = 25, find the values of x.
(d) IS'this the same function as  in Question 47

6 If f(x) = 3x + 2, what is the value of x which is mapped onto 87

7 A function such as f(x) = 5 is a constant function. State the values of f(0), f(~1) and
(5).
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8 The function E, where E(x) = 2, is an exponential function.
(@) Find the values of E(1), E(2) and E(5).
(b) IfE(x) = 16, state the value of x.

sr=zed
(@) What value of x must be excluded from the domain of this function?
(b) Find the positive value of x for which f(x) =

10 1f () = ££3, find the values of x for which f(x) = 2x to 2 ecimal places.

11 Given that g(x) = - 4x - 6 solve the equation g(x) = x.

12 Given that f(x) = x* - 4x + 1 solve the equations
@ flx)=x-3, () f2x) =13

13 For the linear function f(x) = ax + b, where a and b are constants, f(-2) = 7 and
£(2) = —1. Find the values of a and b.

14 f(x) = a¥* + bx + ¢, where a, b and ¢ are constants. If f(0) = 7, what is the value of ¢?
Given also that (1) = 6 and (~1) = 12, find the value of a and of b.

15 For the function f(x) = px? + gx + r, where p, ¢ and r are constants, f(0) = 4, f(-1) =
8 and f(-2) = 18. Find the values of p, g and r.

16 F(x) = x* - 2x. What values of x have an image of 15?

17 The function h is given by h(r) = 7r — 2. Find the values of 1 whose image is 5.

18 ) = A5
(@) Find f(2) and f(}).
(b) Find x if f(x) = 0.
(c) What values of x must be excluded from the domais

19 The number of diagonals in a polygon with n sides is given by the function D()
on=3)

=3
(a) State the domain of this function.
(b) Find the number of diagonals in polygons with 4, 5 and 10 sides.
(¢) 1f D(n) = 20, find the value of n.
20 The domain for the function f(x) = 2¢ + L is (~2,-1,0, 1,2}.
Find the range.
21 The domain of the function f(x) =
Find the range of the function.

22 If the range for the function g(x) = x* - 2 is {2, -1, 7], find the domain.
23 The range of the function f(x) s {~1, 2, 4). Find the domain.

24 S is the function Six +—— sin x°, 0 < x < 180.
(a) Find (correct to 2 decimal places) S(30), S(50), S(120).
(b) If S(x°) = 1, what is the value of x?
(©) State the range of S.



25 Functions f and g are given as f(x) = x* - x and g(x) = 2x 3.
(2) Find f(0), f(-1), g(0) and g(-1).
(®) 1 f(x) + g(x) = 3, find x.
(© Iff(p) +g(p) =1, find p.
@ D) =g + 1, find z.

26 Given that f(x) = x* - 3x + 6 and that g(x) = x + 6, solve the equations
@ f(x) = 2g(), () f(x) = g(2x), (©) f(2x) = g(x) - 3.

27 16 () = 74, find the value of k (other than k = 1) such that (k) = f(1).

28 Given the function f(x) = x? - 3x - 2, express f(2a) - f(a) in its simplest form in terms
ofa.

29 fux — 23—

Find f(p), f(-2p) .md f(p 1) in their simplest forms.

30 If f(x) = 3x + 1, find f(a), f(b) and f(a + b).

Is f(a + b) = f(a) + f(b)?

31 If f(x) = x* + x - 3, find f(x + h) where h is a constant.
Hence express X281 in s simplest form.

32 If f(~x) = f(x), f is called an even function, but if f(—x) = —f(x), f is called an odd
function. Which of the following functions are even, which are odd and which are
neither?

@ 2x ®) 3 © 2
@ 1-x @© 1 @=z0 ® x-Laz0)

GRAPHICAL REPRESENTATION OF FUNCTIONS

A simple way of illustrating a function graphically is to use two parallel number lines,
one for values of the domain, the other for the range. Fig. 3.6 shows the function
() =x~2,x=-1,0,1,2,3,4. An arrowed line joins x in the domain to f(x) in the range.

o

T T T T T T T T range 1(x)
Fig. 3.6 3 H S0 HoEg

x
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Example 7
Hlustrate the function §(x) = X2 = x +2 on two number lines for the domain

(-2.-1,0,1,2,3}.
Verify that the range is {2, 4, 8).

2 - 0 1 2 3
L L L h L

T T T

2 4 8

‘This method is only suitable if the domain consists of a few values. If the domain
‘was all real numbers for example, it would be impossible to show all the arrowed lines.
Furthermore, the patter of the arrowed lines gives no idea of the type of function.

3.7 shows the result.

Fig. 3.7

A far better method is to use a Cartesian graph, with which you are already familiar.
Here we use two perpendicular lines, the x-axis and the y-axis (Fig. 3.8). Values of the
domain are placed on the x-axis and the range on the y-axis. Then x and its image £(x) give
the coordinates (x.y) of a point. If sufficient points arc plotted and joined up, we have the
graph of the function. y = f(x) is the Cartesian equation of the curve.

range
¢ =t
)
Fig. 3.8 ol 53 ‘domain
Using this method of representing a function, we find tht the graphs of various
kinds of functi . Hence functi be recognized from
their graphs.
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Common Functions And Their Graphs

Fig. 3.9 shows the graphs of some common functions.
y

O|

(a) Linear function

¥
x
° (© Sine
©) Exponcnial
.59 O function

(a) is a linear function such as y = =3x + 4.

(b) shows two quadratic functions such as y = x* — x + 4 (upper graph) and
y=2-x-x

(c) is an exponential function such as 2°.

(d) is the graph of y = sin x (see Chapter 7).

/N

(b) Two quadratic
functions

Example 8
Which of the graphs in Fig. 3.10 is the graph of a function?
y

\

v
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©

@

(e)

Fig. 3.10

For a function, each value of x in the domain must give just one and only one value of

. If there is more than one value of y for the same value of x in the domain, the graph

does not represent a function.

(a) is not the graph of a function, as there are 2 values of y for each value of x.

(b) is the graph of a function.

(¢) is the graph of a constant function y = 3. The domain s the set of all real numbers
but the range is just 3.

(d) is the graph of a function provided x = 0 is excluded from the domain.

(€) is the graph of a function for the domain {-3,~2,-1,0.1,2). The graph consists only
of the points marked and these must not be joined up. The range is (2,1,0-1).
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GRAPHS OF TRANSFORMED FUNCTIONS

Example 9

Fig. 3.11 shows part of the graph of a function y = f(x). Sketch the corresponding
parts of the functions (a) y, = ~(x), (b) y, = f(~x), (c) y, = 2 + f(x), (d) y, = 3 - f(x),
(e)y,=fx+ 1), (Ny,=f(x-2).

Fig. 3.11

() For each value of x, y, = ~. So the graph of of y, is the reflection of y = f(x) in
the x-axis (Fig. 3.12(a)).
Points where y = f(x) meets the x-axis are unchanged.

<

Fig. 3.12(a)
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(b) When x=a,y=f(a) and y, = f(a).
Now f(~a) is the value of y when x
is the same as the value of y when x
So the graph of y is reflected in the y-axis lu produce the graph of y, (Fig. 3.12(b)).
Points where y = f(x) meets the y-axis will be unchang

Fnr example when x = 2, the value of ,

Fig. 3.12(b)

(¢) Here 2 is added to each value of y.
So the original graph is shifted upwards through 2 units (Fig. 3.12(c)).

Y=2+100

/
/ y=109

Fig. 3.12(c)




@) y,=3-f)=3+(y=3
So the graph of y, is slufled upward\ through 3 units 1o obtain the graph of y,

(Fig. 3.12(d)).

Fig. 3.12(c)

(¢) Suppose.x = 1. Then y, = f(1 + 1) = f(2), which is the value of y when x = 2.
Again when x = 3, y,'= (3 + 1) = f(4), which is the valuc of y when x =
Al the values of y have been shifted 1 unit to the left o obtain y, (Fig. 3.12(¢)).

=10

Fig. 3.12(e)




() You will be able to work out that y, is the original curve shifted 2 units to the
right (Fig. 3.12(0).

y=10

,
7 y,=1x-2)

~

x

Fig. 3.12(1)

It would be useful to summarize such transformations of the graph of  function
¥y = £

+ y=~—f(x) is the reflection in the x-axis.
« = f=x) s the reflection in the y-axis.
« y =a + (x) shifts the graph through a units upwards if a is positive, and
Gownwards it is negative.

« y=f(x + a) shifts the graph through  units 10 the left if  is positive, but to the

right if a is negative.

Exercise 3.2 (Answers on page 609.)
1 Which of the following are graphs of functions?

y ¥

@ © @

I
- x :H
. x
(@ ()

53

Fig. 3.13



2 Bach of the diagrams in Fig. 3.14 shows part of the graph of a function f(x). Copy each
diagram and sketch the corresponding parts of
@ y =f=x) i) y,=fx-1)
(iii) , = fGx+ 1) W)y, =1+fx+1)

y

)

Fig. 3.14

3 On another copy of the diagrams | 1 !
in Fig. 3.14, sketch the corresponding.
parts of
@) y=f(x-2)

(i) yo=2-f(x-2)
(i) y, = K1 )

4 Fig. 3.15 shows part of the graph of
= f(x) with three graphs denved
from it. State y,, y, and y, in terms
of f(x).

Fig. 3.15



5 The domain of a function (x) is ~1 to 4 inclusive. What would be the corresponding
domain for the following?
@ y,=1x) (®) y,=fx-2)
©) y,=fx+1)

6 The range of the function y = f(x) is 0 10 5 inclusive. What is the corresponding range
for the following?
@ y,=-fx) ®) y,=1+f(x)
© y,=flx-3)

THE MODULUS OF A FUNCTION

Ify=x, the values of y are negative when x is negative. They can be converted to positive
values by using the modulus read as 'y = mod X', |x| gives the numerical or
absolute value of x. For example |3.5| = 3.5. It does not alter 0 or any positive number:
lol =0, 12 =2etc. |x| is never negarive.

So we define the modulus of x as

—xifx<0
|zl=qc o
xifx20

Similarly the modulus of a function f(x) written |f(x)| is the numerical value of f(x).

Example 10

State the values of |1 - x [for x = -3,2.4.
Whenx=-3, [ 1-x| =|1+3] =4.
Whenx=2, |1-x|=]1-2]=1
Whenx=4, |1-x|=]1-4]|=3.
Example 11

f(x) = x* - x — 6. Find the values of [f(x) | for x=
1 o 2 4

f) [-4 -6 -4 6
lf|| 4 6 4 6




Example 12
What is the least value of x if |2x = 3 | = 2x - 37

126.=3 | will be equal 0 2x - 3 if 2¢ ~ 315 0 or greater than 0. Hence the least value
of x will be when 2x— 3 = 0, i.e. when x = 11,

Example 13
Draw the graph of y = | x - I | for the domain -2 < x < 3 and state the range of y.
~2<x'$3 means that x can take any value between —2 and 3 (inclusive).

We make a table for the integer values of x:

x 2 -1 0 1 2 3
x-1 32 -1 0 1 2
y=lx-1]| 3 2 1 0 ] 2

Plotting the points given by x and y, the graph is seen to consist of the two lines AB
and AC (Fig. 3.16). The range is 0 < y < 3.

Fig. 3.16




However, if we extend BA to D (shown dotted) where D is (-2, ~3) we see that the part
AC is the reflection of AD in the x-axis. So a quicker method of drawing the graph is
to draw y = x — | for the given domain first and then reflect any negative part in the

x-axis.

To draw a graph of the type y = | f(x) |, draw y = f(x) first and
then reflect any negative part in the x-axis.

Example 14
Draw the graph of y = 2 - x [ for the domain -1 < x < 3 and state the range of y.
Draw the line y = 2 - x first (Fig. 3.17). (The negative part is dotted).

Fig. 3.17

Then reflect the negative part in the x-axis.
The graph consists of two lines meeting on the x-axis where x = 2.

The range is 0 < y < 3.

MODULAR INEQUALITIES
Suppose we know that | x | > 3. Suggest some values that x could take to satisfy the
inequality.

From the definition of a modulus, | x | > 3 means that cither x >3 or =x > 3. <x >3
means that x < -3 (dividing by -1 and reversing the inequality sign). So the range of x is
x <=3 orx>3. We can show the range on a number line:




x must lie on the thick lined parts. o means this value is excluded.

Soif | x | >k thenx <k orx>k.
Next suppose | x | < 3. Thenx <3 o —x < 3 i.e. x > -3. Hence x lies between -3 and 3
(not inclusive) and we write -3 <x < 3.

-3 3
‘On a number line we have

Soif | x | <k then & <x <k.

These rules apply also to linear and quadratic functions.

Example 15
Find and show on a number line, the range of values of x if () /x + 1 /> 4,
(b) [1-2x /<5,

(a) From the above, if | x + 1| > 4 then x + 1 < 4 or x + 1 > 4. Hence
x<-Sorx>3.

-5 3 x

®If|1-2c]<Sthen-5<1-2v<5. Takmgc.'nchpan—5<1»2xgwcs
—6<-2xor32xie.x<3;1-2c<5gives2uSdie x

So-25x<3

-2 3 X
In this case the @ means the value is included (due to the < sign)

Exercise 3.3 (Answers on page 610.)
1 State the values of
@ |-6] ® |-31 © leos120°] (@) |3-6]
2 By testing with x =-3, 0, 2 verify that | 1 —x | =[x~ 1].
3 What is the least value of x for which | 2x - 1 | = 2x - 1?
4 For what domain will the graph of y = | 3~ x | be the same as the graph of y =x - 3?
5 Find and show on a number line the range of values of x which satisfy the incqualities:

@ |26-3]>5 ® |

© |2 22 @ [1-3]<3




6 For the domain -3 < x < 4, draw the graphs of

@ y=|x ) y=|x+1]

@ y=|2-1] |3-x|
7 State the range for each of the functions in Question 6.
8 Using the graph you have drawn for part (a) in Question 6, add the graph of y=— | x |.

9 On the same piece of graph paper, draw the graphs of y = | 3x | and y = | x - 3 | for
the domain -2 < x < 3. Hence solve the equation | 3x [ = |x—3 .

10 By drawing two graphs, solve the equation | x—1]=]2x~5].
(Take 0 < x < 7 as domain).

11 The range of the function ~1is 0 <y<3. Find a possible domain. What is
the widest possible domai

12 The domain of the function y = | 2x — 3 | ends where x = 2. If the upper limit of the
range is 7, what is the least value of the domain?

13 Draw the graph of y = | x - 1 | for the domain ~1 < x < 2. Now add the graph of
y=2~|x~-1| for the same domain. State the range of this function.

THE INVERSE OF A FUNCTION

Fig. 3.18 shows the mapping of the domain (-3, 0, 1, 2} by the function
f1x ——= 3x-2. Verify that the range is (~11,-2, 1,4].

”
Fig. 3.18 Domain <———— Range

Is there a function that will map the range back to the domain?
‘The function f in Fig.3.18 mapped x onto y where = 3x - 2. Now we wish to start with

» and retumn to x. If 3x -

So this new function will map y onto 42



Testing this with y =11, we get =152 =3 which is the original value of x. Check the
other values.

Such a function, if it exists, is called the inverse function of f and is written as .
(Read this as ‘inverse £".) It is usual o take x as the starting’ letter so we have
[SETF—

Summarizing,

function fxx ——e 3x— 2 and inverse f:x - <52,
It then follows that the inverse of £-1is f.

Example 16

Find the inverse function to f:x —s *37.

£ maps x onto y where y = 33,

Make x the subject of this equation.

X-TJ =ysox-3=2yandx=2y+3.

Hence {1y 1—» 2y +3.

Changing to the usual letter x, £ : x —— 2x+ 3.

Suppose —4 was a value in the original domain. Then f will map this onto 3. f-' will
now map this value onto 2(-3}) + 3 =4, which is the original valuc. Repeat this check
with other values of x, say 0, I and 5.

Example 17

" + .
Given the function { : x ——w 35 (x 3), where p is a constant,

(a) find the value of p if £(5) = 14,
(b) find £ in a similar form,
(c) ‘state the value of x for which £ is undefined.
_5tp gt
@ (5= FL=11
Then S +p=3and p=-2.

S

From (a), f(x)

3
Hence v= 222,

Therefore F': x

£ is undefined for x = 1. (This means that there is no value of x in the original
domain which had an image of 1. So I does not exist in the range and therefore
cannot be used).




Example 18

Find the inverse of f : x ——» 3 -x.
f maps x onto y where y =3
Sox=3-yand the inverse funcion will be £ 55 +—= 3 —x, which s the same
function as f.

Check this by taking x = 3, -1 and 5.
Such a function f is called self-inverse, i

it is its own inverse.

Functions With No Inverse
Some functions do not have an inverse. Take the function f : x —— x* (Fig. 3.19).

Fig:3.19

Two arrows arrive at | in the range. An inverse would have two paths to return from 1 1o
the domain and so could not be a function. There is no inverse function.

An inverse function can only exist if the original function is a one-to-one function
(Fig. 3.20(a)), ie. there is only one arrow reaching each member of the range. There will
be no inverse if the function is a many-to-one function (Fig. 3.20(b)), i.c. more than one
arrow reaches some members of the domain.

one-o-one many-to-one
@ ®©
’ <]
Fig. 3.20
has inverse no inverse

The inverse function f exists only if f is one-to-one.



Graphical lllustration of an Inverse Function

Verify that the inverse of £ : x ——w 2v=3is £ 1x p—w 133
Now draw the lines
y=2u-3 0]
and y=23t G

on graph paper (Fig. 3.21). Add the line y = x (shown dotted).

Fig. 3.21

How do the two lines (i) and (ii) appear in relation to the line y = x?

Consider the point where x = 4 (point A) on (i). The image of 4 from f is 5, so the
coordinates of A arc (4,5).

Now if we take x = 5, i
on line (ii).

‘The gradient of AA” is —1 s0 AA” is perpendicular to the line y = x and the midpoint
of AA (4}, 4!) lies on the line y = x. Hence A and A" are reflections of each other in the
line y = x.

We can repeat this for any other point. The coordinates will be interchanged by the
inverse function, so the two points are reflections of each other. Hence lines (i) and (ii)
are reflections of each other in the line y = x. You can also test this by folding the graph
paper along the line y = x.

image in £ will be 4. This gives point A’(5,4) which lies

The graphs of y = f(x) and y = £'(x) are reflections of each other in the line y = x.
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Exercise 3.4 (Answers on page 611.)
1 Find the inverses nl the following functions in the same form:
— frx e x+2
gix = dx+d
M frx —=9-x
fix
hix

) Fix—e3 +2(20)

(m) fix e I

(n) hix
2 Which of the functions in Question 1 are self-inverse?

3 Given ' :x —— 2v~3,find f in the same form.
k43

AUy , find f in the same form.

§ f:x —— a — x, where a is a constant, is a sclf-inverse function. Given that
'(4) = 3, find the value of a.

6 Given the function h: x - ~=3 (x #4), find the value of h'(=3).

7 Given the function g : x ——s -3 (v #-2), find g'(-1).

8 Given the function f:x ——e £24(x# 1) and that f(2) = 5.
find (@) the value of d, (b) .
What can be said about ths function?

9 f:x — 2+L where r and 5 are constants and f(4) = 6, f(-1)

(a) the values of r and s,

(b) the value of x for which f is undefined,
(c) f'in the same form,

(d) the value of x for which ' is undefined.

10 Fig. 3.22 shows part of the graph
of a function y = f(x). Copy the
diagram and skeich the graph of .

Fig. 322
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11 On graph paper, draw the graph of £ : x 1+—» 3 —x, Construct the reflection of this
graph in y = x. Explain your result

12 () Find the inverse of f:x ——»
(b) On graph paper.draw the graph of y =
(¢) Construct the reflection of the graph in pan (b) in y = x. Show that this is the

graph of £,

x+3forxz0

13 The function fis defined as £ x —w { i foraz0

Sketch the graphs of f and .
14 Copy Fig. 3.23 and sketch the inverse of the function y = f(x).

Y,
y=10)

Fig. 323

15 (@ 1f fx) =3 -2, solve the equation f(x) = x.
(b) Draw the graph of f(x) fory Sx<2.
(c) Add a sketch of the graph of f'(x) for -1 S x<2.

Composite Functions

Consider the function f: x ——= 2¢ - 3 (Fig. 3.24). 4 is mapped onto 5.

X 0

Fig. 3.24



Let g be another function such that g :
We now use g on f(4) to obtain g(f(4)] =
by g (Fig. 3.25).

L

. So 4 has been mapped onto 6 by f followed

— () ————glf(x)]

Can we find a single function h which combines f and g?

x is mapped onto 2x — 3 by f and this is the starting value for g. So g maps 2x — 3
onto (2x—3) + 1 =2x 2. Hence h: x = 2c~2. If x =4, the final result is 6 as
we have seen. h is called the composite (o combined) function glf(x)] which we write

briefly as h =jﬁ
L first

Fig. 3.25

second-
Note carefully that the first function is written on the right.
Now suppose we do g first, followed by f, i.c. fg.
xEert it 23201
fg
‘The result is different. fg is not the same function as gf. We say the combination of
functions is not commutative, i.e. the order in which they are done is important and
‘cannot (in general) be interchanged. However for some values of x, fg may be equal to gf.

NB: Take care! fg does NOT mean f x g when dealing with functions.

Example 19

Iff:x = 2x-3.find (a) { and (b) 1-f.

@ y=2x-3s0x= 233
Therefore £ :x +——» 5

(b) f'f means that we do f first, f' second,
e T

Sof'fix —w x
ie () =

Verify that ff gives the same result.
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Part (b) above is an example of an important result:

This follows from the definition of the inverse function. f maps x onto the range giving
(). £ operates on f(x) to return to the original element x. So £f(x) = x. Similarly, if we
start from the range, fF(x) = x.

Example 20
ifix —>xandg:x —mx- 1, find in a similar form, (a) fg and (b) gf.
(@ fgis g first, f second.
xrEexo 1 Lo -1y
So the combined function fg s fg : x —— (1 — 1.
(b) gfis f first, g second.
P e S |
The combined function gf is x* ~ 1.
Note that fg # gf.

Example 21

Functions f and g are defined as

fox —w 27 andg:x —w3x-2.
Find (a) fg. (b) gf. (c) (fe)", (d) (gf)".

(e) For what value(s) of x is gf = fg?

@ x B2 L =t = 22y

2 1
Hence fg:x = 327 .x% 5.

®) x e 25 B 3(E) -2
Hence gf:x — 432 xa_1.

(©) (fg) is the inverse of the combined function fg.

Now fg maps x onto y = 3= from ().

Sodxy-y=2
i€ dry=y+2givingx= Lst}
Hence (fg)" : x —= 2, x20.




(d) (g0 is the inverse of gf.
Verify that (g0)1 1 x —» 435, x# 2.

(e) 1f gf=fg, then 453
So2x+2=(3r—1)4-20) =6 + 14x—4 or 62~ 12+ 6 = 0.
Then 2 —2x+1=0or (x— 1)~ 1) =0 giving x = 1.

‘This is the only value of x for which gf = fg.

Example 22
Using the functions f and g in Example 21, find £ and g'. Show that (fg)" = g'f".
Suggest and test a similar result for (gf)".

Ven‘fyrharf":x/——z"andg' £+2

X EE2

I¥

From (¢) in Example 21, (fg)" : ¥ —— *
£ is given by x £ e 222 £,
Hence (f2)" = g'f".

So the inverse of fg is the inverse of f followed by the inverse of g. This suggests that
()" = £'g-". Show that this is correct using (gf)"' from Example 21.

The results of Example 22 are true in general:

Example 23

Given that { : x —— 43 (x#-2), find in a similar form () &, (b) £, (c) & and
deduce an expression for .

(a) f means ff, i.c. f done twice in succession.

I £, T3
) LR R e

(b) f* means f* followed by f

8
So £2(x) = f[f‘(x)]— *2 un.x# -2, <, 77
x 8 16
© o =fPw] = = e rr - bl
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Studying the patiem, the numerator is always x. The denominators are 3x + 4, 7x +8,
15x + 16 50 the next denominator will be 3Lx + 32.

. x 4 8 16 32
Pisx —— 55, %2 -3, -3, 15, ~3

Example 24

Iffix —=ax+b(a>0)and f: x /—w 9x~8,find (a) the values of a and b,
(b) P, () .
(d) Deduce £

(a) We first find f in terms of a and b.
x e ax+b L aar+b)+b=ax+ab+b
But this is 9x - 8.
Hence o = 9 which gives a = 3 (since a > 0) and ba + b= 8 s0 b= 2.

(b) () = fifF00] = 3(9x - 8) -2 =27x - 26

(© () = FIPW] = 90x ~ 8) -8 = 81x - 80

(d) The pattern in these results is:
£:00-8 =3w-(-1)

- (- 1)

- (3~ 1)

so we can deduce that P = 3% — (3%

243x - 242

Example 25

Given f:x ——w2x 5. find a function g such that fg : x ——w 6x~1.
Clearly g must be a linear function as no squares appear in fg.

Take g as x —— ax + b,

Then fg: x —— 2(ax+b) =5 = 2ax +2b - 5.

But this must be identical to 6x —
Then 2a = 6, giving a = 3 and 2b— 5 = -1, giving b = 2.
Hence g:x = 3x+2.
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Example 26

Express in terms of the functions f : x +———sx + 3 and g : x +——> 2,

(@)X +3,(b) 2 + 6x+ 9, (c) x + 6. (d) X + bx + 12, (e) 2~ 6x + 9.

(a) This is fg.

(b) Note that x* + 6x +9 = (x + 3)2 f gives (x + 3). g gives the square. So this is gf.

(¢) Here g is not involved as there is no square. Try ff.

(d) Note that x* + 6x + 12 = (x + 31 + 3. We get (x + 3)" from gf.
If we now use f, we obtain the result. The answer is therefore fgf (first f, then g
and lastly f again).

(€) ¥~ 6x+9 = (x - 3. Now f does not produce (x — 3) but ' :x r—— x—3,
Hence the answer is gf*".

Exercise 3.5 (Answers on page 613.)

1 Using the functions f : x +—— x+2and g : x ——= x -3, find in the same form
(@) fg, (b) gf, (©) ff, (d) gg.
X +——= sinx®and T:x —» 2x are two functions.
Fmd (a) ST(20), (b) TS(20).
3 Taking f:x ——= x+2and g : x —— 3x — 1, find (a) fg, (b) gf, (c) F',
@g'@f' gt
4 Iff:x —=x+1,find (a) £, (b) £ and deduce (c) ', (d) £ (&) "
5 Taking the function fas f:x — <33 x# -2, find (@) £, (b) £, (©) (B)". In
each case, state the values of x which must be excluded from the domain.
61ffrx—=x-2andg:x = x+3, find (2) fg, (b) gf.
For what value of x is fg = gf?

7 Given that g :x +——s x+2and h:x +—— x' -3, find the value of x for which
gh=hg.

8 For the functions f : x ——w x~4and g : x —— 3x - 2, find similarly () £,
b g, © fg”, (@) ()"

9 Functions f and g are defined by x s 2x+ 1 and x —— 1 - 3x respectively.
For what value of x is fg" = f'g?

10 Functions f and g are defined as f:x —» andgix — L (x#0)
respectively. Find similaly (a) fg, (b) £, (6 5 . In ach case, stae the valuesof
x which must be excluded from the domain. (d) For what values of x is g-1f = 1g-1?

11 The functions fand g are defined as f : x ——» 3x+2andg:x —» 1 (x#0).
Find similar expressions for (a) fg, (b) gf, (c) £'g, (d) gf"". In each case, state the
values of x which must be excluded from the domain.

Find the value(s) of x for which (e) fg = gf, () f'g = gf"
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'
T-x°

12 Given fix —=1- %, x#0,and g:x —»
gf(). Hence state the inverses of f and g.

x#1, find fg(x) and

a1

L z1).

13 £ s the function that maps x onto
(a) Show that f is self-inverse.
(b) Find .

(c) Show that P=1f.

14 f:x —— ax + b (a, b constants) and g : x = 2x + 3 are two functions.
(a) If fg = gf, find a relation between a and b.
(b) Given that (7) = -1, find the values of a and b.

15 If f maps x onto 5 — § and g maps x onto 2x + 1, show that fi and gf are both self-
inverse.

16 fix —e 252 xa)
(@) Find . State the value of x which must be excluded from the domain.
(b) If £(x) = -1, find the value of x.

17 1 f0) = <51, x# -2, find 2 and F'. In each case, state the values of x which must

be excluded from the domain. Solve the equation £(x) = 1.
18 f:x +— 3x + 1. Find a function g 5o that gf : x —— 3x+2.

19 1f f:x ——» 2¢+3, find a function g 5o that fg :x +——w 2c— 1.

20 Express the following in terms of the functions g : x +———x+2andh:x ——3x.
2

@ x —=3x+ () x —=3x+6
(©) x—wmx+4 (@) x —=3x+12
(€) x —=9x M x ——=9x+2
(8 x—>=x-2 () x —=3x-6
21 Given f:x —wx+3 and g :x ——wx - |, state the following in terms of f
and g.
(@) x —=2+2 ®) x —= 2 +60+8
© x—>x+6 (@) x —= 2+ 120435
(€) x —>=—6x+8 0 x+—=x-4

22 Given f:x —— Vx (positive root) and g : x —— x + 2, express the following
in terms of f and g:

@ x —=Vx+2 ®) x —»=Vx+2
€ x r—>x+4 (d)xr—v\‘1+4
© x——=Vx-2 ) x —e2+dx+4
() x—>2-dr+4 (h) x —» x4+ 8x+16

23 If f: x = x—3, what is the function g which makes gf : x +——# x?~6x + 107

Ufx—e2+ 3
form.

,x#1,and g : x —— x + 4. Find the inverse of fg in a similar

25 fis given by f:x -—= X3 (x#3). Find (@) £, (b) F', (©) f*. Deduce .
In each case, state the values of x that must be excluded from the domain.
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SUMMARY

© A function f maps an input x (domain) onto a unique image y (range).
fix ey = f(x)

® y=f(x) is the equation of the graph of the function.
¥ = —f(x) i the reflection of y = f(x) in the x-axis.
¥ = f(=x) i the reflection of y = f(x) in the y-axis.
y = a + f(x) shifts the graph upwards through a units if a > 0, and
downwards if @ < 0.
3 = f(x +a) shifts the graph through a units to the left if a > 0, and to the
right if a < 0.

© Modulus of x: |x | =x for x>0,
=—xforx<0.
® If|x|>kthenx<—korx>k
if | x| <k, then % <x<k
® To draw the graph of y = | f(x) |, first draw the graph of y = f(x) and then
reflect any negative part in the x-axis.
® Iff is one-to-one, the inverse function f exists.
f1(x) = Ff(x) = x
® Iff=f",fis self-inverse.
© The graphs of y = f(x) and y = f-'(x) are reflections of each other in the line y = x.
© Functions may be combined, but the order is important.
gfix e () —Ew glf(x)]
second ) L first
fgix e g0 —e Mlg0)
© 2 means ff, and so on.
o (fo)'=g'f; (g =f'g*

REVISION EXERCISE 3 (Answers on page 614.)

A
1 f:x = 2x - 3. Find the domain of x if -5 < f(x) < 3.
2 fis a function given by f:x ——s 250 (r£3),
(@) Find . :

(b) State the value of x for which ' is undefined.



3 (a) Solve these inequalities and show the results on a number line for each one:

()] dx-3]22 (ii)llf

(b) Given that | ax+b | <5 where a and b are constants and that -4 < x < 1, find the
value of @ and of b.

4 On the same diagram, sketch the graphs of

l.
| x=2| for the domain -2 < x < 4.

5 On graph paper, skeich the graphs of

@ y=|x+1],
®) y=|3-x|.
Hence solve the equation |x+ 1| = |3 -x|.

6 Fig. 3.26 shows pat of the graph ofy = ). Copy the dingram and add he graphs of
(@) y, = f(=x),
®) y,=f(x-1),
(© y,=f1-x).

Fig. 3.26

7 Given the function f : x s 3x— 10, x#0, find the value of f(2) and the values

of x whose image under f is 1.

243 2. Show that gg(x) = x for all values of x except x = 2.

8gix—»
9 For the functions f:x 1+ x*~4and g :x +——» 2¢+ 3, find in a similar form

(@) fg, (b) gf.
() Find the values of x for which fg = gf.

10 The function R maps x onto the remainder when 16 is divided by x. If the domain is
(2.3,5.7}. state the range. Does R~ exist?

11 A function fis defined as f - x ———= 2, x # 1. Prove that

1x = 35T, ¥ # -1, . Obtain a similar expression for f* and hence suggest
a possible expression for f". ©

12 Given that f:x +—— x+ 2 and gf : x +——= x* + 4x + 2, find the function g.
Hence express x ——— x* - 4x + 2 in terms of f and g.
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13 () The function f : x ——= 3x +a is such that ff(6) = 10. Find the value of a and
of £1(4).
(b) Functions f and g are defined by

(i) Find expressions for 7, fg and gf.
(ii) Find the value of x for which fg(x) = gf(x).

(¢) The function  : x —— 2x— 5 i defined for the domain x > 1. State the range
of f and the corresponding range of ff

14 Fig. 3.27 illustrates part of the function f : x F——y, where y = ax + b.
Calculate the value of a and of b.

loumvvroovwoed

blosnvwasnowood

!
&

Fig. 327

Find the end-points of the shortest arrow that can be drawn for this function.

15 (a) Functions f and g are defined by f:x ——3x — 2 and g:x — 124
(x#0). Find an expression for the function () ff, (i) fg, (i) g-'.
(b) The function h:x ——x* + ax + b is such that the equation h(x) = x has
solutions of x = 2 and x = 3. Find the value of a and of b. ©
16 The functions f and g are defined over the positive integers by  : x ——— 6~ 2xand
gix— Z,x20.
Express in similar form () fg, (b) gf, () F' @eg', (© @y
Find the value of x for which ff(x) = gg(x)

17 Express in terms of the functions f : x r——‘l;,xaoandg:x —=x+5

@ x —=x+5,x2-5 ®) x —>x-5
© x —ex+10 @ x —=Vx+10,x20
© x —=2+5 ©



18 Fig. 3.28 shows patof the mapping of x 0 by the function {+.x +—e- 92~a and
part of the mapping of y 1o z by the function g1y —= 2,y # 12.
(2) Find the values of a and b.
(b) Express in similar form the function which maps an element x to an element z.
() Find the element x which is unchanged when mapped to z.

©
x y z
6 6 6
5 5 5
4 4 4
3 3
2 2 2
1 1 1
(] ) [
-1 1 -1
-2 2 2

Fig. 3.28

19 Given that £:x —e X8 (x3) and that f(4) = 9, find
(a) the value of p,
®) £-3).
(c) Obtain a similar expression for £
(d) Find the value(s) of x which have the same image under £ and .
20 The function P maps x onto 7o, x# - &
) Given that P(3)= 2 and P(-3) = &, find the values of a and b.
(b) Find the value of x whose image under P is §.
() Obtain a similar expression for P-.

z

21 (a) Given the functions f:x +——s2x=Sandg:x +— 2 (forx#0), find in
a similar form (i) fg, (ii) gf.
Hence solve the equation fg(x) = g(x).
(b) Functions pand qare definedasp: x —— iz, x#-3,andq:x — .
Find in a similar form () p'q and (ii) pq".
(c) The function h is defined by h: x —s 222 (x#1).

Find the value of ¢ for which the equation h(x) = x has the solution x = 3.

22 The function f is defined as f: x — { 20T ¥20
x+2forx<0
Sketch the graphs of f and .
23 If f(x) =3 + 2, x#0, sketch the graph of f(x) for 1 Sx S 4.
Now add a sketch of the graph of f'(x) for 3}<x< 5.
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24 (a) Given that f 2 x +——= —L- (r#2) find £1(2) and F(x). Hence solve the
equation f(x) + 2f'(x) = 5.
(b) I g:x ——= 4 (x32) find the values of a if gi-1) + 2g™-1) =

B

25 For the domain -3 < x < 3, sketch the graph of y
integer less than or equal to .x (for example, [3.4] =
of this function for this domain.

26 Draw the graph of y = | 1~ | 2 || for the domain -3 S x< 5.

27 Fig. 3.29 illustrates the function y = f(x) over the domains ~1 <x <0 and 0 <x<3.
The function is undefined for all other values of x. Sketch the functions given by
@ y=f+1,
®) yy=foc+ 1),

[x] |, where [x] means the greatest
, [-3.4] = -4 etc). State the range

Fig. 3.29

28 f, g and h are functions defined by f: x —— VX, g:x — 3 and
hox +—— x+ 1. Express in terms of f, g and h:

e 1y
(a) x —» () x — S5

© x — 2Ax+ 1) (@ X e 224 1

29 The functions f and g are defined by
f:x +——s remainder when +? is divided by 7,
g:x ——» remainder when +* is divided by 5.

() Show that f(5) = g(3).
(b) If n is an integer, prove that f(7n + x) = f(x) and state the corresponding result
forg. ©
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30 The function T maps (x,y) onto (x + y, x — 2y).
(2) Ads the point (2,1). T maps A onto B and B onto C. Find the coordinates of B
and C.
(b) The point D is mapped onto E(1,7) by T. Find the coordinates of D.
(c) Another point F is mapped onto G(0,9) by T2 Find the coordinates of F.
(d) Express T in the same form as T.
31 Given that the range of y = f(1 — ) ~ 1 is 2 <y < 3, find the range of (a) f(x),
B fGc+ 1)+ 1.



