Calculus (4):
Further
Techniques:
Trigonometric
Functions

So far we can differentiate single terms such as x*, polynomials such as 2~ 3x + 1 and
composite functions such as (2 — 1)*.
We now extend the range of functions we can deal with.

Fractional Indices
If y = ax', then you will recall that & = nax*' and [ wdx = 7 + c.

‘The rules for differentiation and integration still hold when the index #, is a rational
number, i.e. a fraction.

Example 1
Differentiate (a) x3, (b) =, (c) V& — 2x — 3 wrt x.
@ y=x

© y=@-20-3
& -2-yix-2)
=(x- D2 -2c-3) or




Example 2
: .
Find (@ [ v o) ['2} ax.

32
+e=3d+c

Check by differentiating.

1]
(b)j‘lr‘dx-[,”]
A

=(4x 143)»(%)(32) 1243-32) = x 211 = 1683

Integration of Powers of the Linear Function ax + b
Ify = (ax + by*', then § = (n + Da(ax + by

Hence [ (n+ Datax + by dx = (ax + by

(ax+ by

and so J @+ brac= e

+c where n # -1

This result only applies to a linear function ax + b. The integration of powers of non-
linear functions such as ax® + b cannot be done in this way and is outside our work.

‘The case where n = —1 will be studied in Chapter 18.

Example 3
Find (@ [@e-17as ) [ty © [VaoTax
(a) Herea=2,b=-landn=3.

Sof@e-1rdr= BV yestar-ntee

%2
Br+2)!
® [y s shon for [ iy dv= QR 4
= -l@+iec
\
e *C
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©f Vot [fQr- b ar

= (o= (4 =o-§ -

Example 4
Find the area bounded by the curve y = m,% , the x-axis and the lines x = 2,x = 6.

¥

Fig.17.1

As V2 =3 is positive for x > 13, y is real and positive in the arca required.

Area <[’ - tae= [@=3i ]
) 21

- [(h—:)i]-:=(9%)—( f=2

Example 5

!
The section of the curve y = J== between the lines x = 2 and x = 9 is rotated about
the x-qxis through 360°. Find the volume of the solid created.

You will recall that the volume of a solid of revolution = [y? dx.
Here y = (x= 1),
So the volume = [/(x— 1) dx

T = 3= 1], =@rx2) - @rxn =3
:
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Example 6

Ify = 29 — ¥, what is the approximate change in y when x is increased from 2 to
2017

Whenx =k 8y = ({&),., 8x. where (&
Here k=2 and 8% = 0.01.
y=20-}s0 2 =2x 10—y} (20 = 200 -
o -

(F)=0i =5

Hence 8y =~ 7“? % 0.01 =-0.018 ( has decreased).

)., is the value of 3¢ when x= k.

Exercise 17.1 (Answers on page 640.)

1 Differentiate wrt x:

(b) 4Vx (©) VAx=3
oot @ v -6x ® 2
() Var -3 RIS

»

Integrate wrt x:
@ @) x

@ 5t

(@ -};
3 Evaluate

@ _|' Lo o ] © f fu @ j’ e @ [ xta

4 Integrate wrt x:

(@) x-3p (b) (2x+5)* © @-27
@ Vx-3 © w5 M @+t
1 3 . 1
® 5 ) (3 -axy 0 7=

@ Gx+2) ® @1y W @e-5*
) ax -1 () (1-207
S Find the values of
] s
@ [, @orrar O RETIEY
© [ e @ [N
© [} Gr-9pax © [ resa
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. :
® [ w5 ® [} Gr-2rax

6 Calculate the area bounded by the curve y = (3x - 1), the x-axis and the lines x= 1,
x=3.

7 The part of the curve y = ;5 betweenx =2 and x = 3 is rotated about the x-axis
through 360°. Find the volume of the solid of revolution.

8 If y = 3V, find the approximate change in y when x is increased from 4 to 4.01.

9 Given that y =3 Y9+ , find the change in y approximately when xis decreased from
410399,

10 Giventhat =93 and that ris increased from 8 0 8.01, find the approximate change

inT.

11 1fP=kv} , where k is a constant, find the approximate percentage change in P if v is
increased by 3% when it is 5.

12 1f V = 10+, find the approximate change in V when x is decreased from 4 to 3.998.

Differentiation of the Product of Two Functions

y=(3x~1Y(< + 5)* is a product of two functions of x, (3x — 1)’ and (x* + 5)%. Each of
these can be differentiated but how can we find % ? As we shall see, the result is NOT
the product of their derivatives.

Let y = uv where « and v are each functions of x.

Suppose x has an increment 8x. This will produce increments 8u in u and 8v in v and
finally produce an increment Sy in y.

Soy+ By = (u+ Bu)(v + &) = uv + ubv + vu + (Gu)(&v)

Then 8y = udv + vdu + (8u)(&v)

and @ =ud v s Moy

&l
g
a

ol
1

gl

Now let 8x — 0. Consequently 8u — 0, v — 0, 2 — % & _,
So,as8x— 0, § —»udl + v

Hence we have the product rule for y = uv:

where u and v are functions of x.

As the result is symmetrical in  and v, it does not matter which function is chosen as
uorv.

Example 7
Differentiate (3x - 2)(x' +4) wrt x.
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Take u=3x-2,v=x +4.
=3, & 230
Then & =ull 4y %
=@Bx=2)x3+ (P +4)x3
SOr -6+ 3P+ 122 120 -6 4 12

Example 8

Differentiate x(2x - 1) wrt x.
Take u =22, v=(2x- 1"
=2 x4@x— 1 x 2+ (- 1) x 38
P 1 1

u dv v S

In this example, we simplify as far as possible and leave the result in factor form.
=x(2x - 1)k X 8 + (2x - 1)3]
=x¥(2x - 1)(14x - 3)

Example 9

Differentiate (3x - 1/(x* + 5§ wrt x.

&= @B 1P X203+ 5) X 2 + (6 + 5 x 33x - 1Y X3
=(3x = DA+ 5)[(Bx — 1) X 4x + (3 + 5) X 9]
= (x - 1702 + 5)(12¢% - 4x + 922 + 45)
= (x - 1Y + 5)Q1e - 4x + 45)

Exercise 17.2 (Answers on page 641.)

1 Differentiate each of the following products wrt x. Leave the answers in simplified
factor form.

(@) x(x-2) (b) 2= 1) © @+DE-1)

(@ (c+ 1)ix-2) © &1 -20° ® (-xPG-x?

(8) #@-x-1 0 #@-3) @ Gr-27Qe-

G @+ 11 () N3G - 1) O xx-17

(m) 2x(1 - 2x)* (n) ‘lx—-l(x+l)‘ ©) (P-x-2)x+1)

@ Gr-1Qx+3)

2 Find the equation of the tangent to the curve y = (x + 1)(x — 2)" at the point where
x=1
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® =2+l v=r-x-1 %
dy _ (F-x-D20-(F+ )u-1)
Fri o —x- 17
P ey e Ly L TR
= B3

© u=xy=(eDh %

o _ wtosdeend  eent-geent
&

[+ DIF B X+l
To simplify this, multiply the numerator and denominator by 2(x + 1)i.

ay _ 24D-x x+2
E e naen: 2}

Example 11
x P 2
Ify= 3 show that & = 2.
" S
Hence or otherwise find [ T
& _ Goam-x®) _ 2
dr G+ T Gx+2y
Hence means that we should use the above result and notice that
S _de 2
Il Gy = z.‘. [ereiid
A T
=il o
3y _ 101y - 2
HOR ORE
Otherwise means that another method can be used. We must notice that it is the
integral of a linear function.

[P

=[asa), @
=(H)-(%) =%

Note: The two integrals (i) and (ii) look different but they only differ by a constant.

) =453 =i -2) =i -

The constant § disappears when the limits are substituted.
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Exercise 17.3 (Answers on page 641.)

1 Differentiate wrt x, simplifying where possible:

@ 5 ® %
@ 2 © 222
N 2
® 53 ® %
’ -
o $-2 ® 3x+1
oy o 4
21fy= 5. find & and &2 Hence show that (1 + 05F +2% =o0.

316y = 52, show that &

s
Hence or otherwise find | 25

4 Given thaty = 557, find .

2
. a
Hence or otherwise evaluate | 55,

s5lfy=

fmd . (Take y = ‘/L )

Hence evalumej Torh
- x+ i

6 Differeniate 77 wrt . Hence find [/, 2557

g 1
7 Find & ify= V2L

8 Find the values of x which give stationary points on the curve y =

-2
when x = 3, find the value of a.

» where k is a constant, find the value of k.

" ita o
9 (@) Given that y = £ and that &

S ——

JEpE S &y
101fy= ===, find .

Hence find the x-coordinate of the stationary point on the curve.

Differentiation of Implicit F

All the functions we have met so far have been in the form y = f(x) i.e. they have been
explicit functions. y has been given directly in terms of x. A function may however be
stated implicitly, as for example x* + y* = 31y, where it would be difficult to make y the
subject. Using the product rule we can differentiate such functions and then find .
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Using a calculator, the following values of sin x and x were obtained:

x (radians) sin x
02 0.198669
01 0.09983
005 0.049979
001 00099998
0.001 00009999
“This shows that when x is small, sin x = x. It would suggest that lim S35 = 1. Here is a

simple proof of this.
In Fig. 17.2, OAB is a sector of a circle centre O, radius r and angle x radians. AC is
perpendicular to OA. Then AC = tan x.

rtan x

Fig. 17.2

Area of AAOB < area of sector AOB < area of AAOC,

ie. 3rsinx < $rx < iPunx

Hence sinx <x < tan'x.

Dividing by sinx, 1 < 725 < gobg-

Now as x =0, cos x = 1 and iy — 1.

The left hand tem s fixed at 1 and the right hand term — 1 Hence the middle term must
> 1. Therefore lim 555 = 1.

In a more convenient form,

Note: For this result to be valid, x must be in radians.



Example 15
Differentiate (a) sin 3x, (b) sinfax + b), (c) sin’ x, (d) sir’(3x - 2).
(@) y=sin3x

‘We treat this as a composite function, i.c. y = sin u where u = 3x.

@ _ au
& =cosuand % =3,

Then § = 2 x % —cosux3=3cos3x.
Note that the function sin s differentiated first to give cos, then the angle 3x is
differentiated to give 3.
(b) y=sin(ax + b)
Taking y = sin u where u = ax + b,
o & o cosuxa=acosiar+ b)
Note this result for future use:
& sinax + b) = a cos(ax + b)
First differentiate the function, then the angle.
(©) y=sintx
Treat this as a power of the function sin x.
Take y = u? where u = sin u.

du

First differentiate as a power, ‘.e. :"IE . then differentiate the function sin, i.e. ;.

& g
$= 2sinx x  cosx

sin x cos x
differentiate differentiate
sin? x to get sin x to get
2sinx cos x
(The result could also be written as sin 2x).
(@ y=sin’ 3x-2)
First differentiate as a power, then differentiate sin, then the angle.

Lo 3siwEx-2)  x cos@Br-2) x 3
i sin ifferentiate sin ifferenti
to get 3 sin® 1o get cos 3x-2t0get3
[pover ft
The sequence is sin¥(3x - 2)

[P R E—

Hence & = 9 sin'(3x - 2) cos(3x - 2)
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Example 16

Differentiate sin x° wrt x.

‘We must first convert the angle to radians.

2 = & radians

Ify=sin {55, then

& = cos B x a5 or 1k cos 2%,

Note that the result is NOT cos x°. Al formulae in calculus for trigonometrical
functions are only true for radian measure. Angles in degrees must be converted to
radians.

Example 17
Differentiate (a) x sin x, (b) VI - sin x wrt x.
(a) This is a product of x and sin x.

Ify=xsinx, then & =xcosx+sinx.

® Ify=(1-sinn! £ = L -sinx) x (cos 1)

Example 18
Find the values of x for 0 < x < 1 which satisfy the equation & (x — sin 2x) = sin’ x.

A -sin29=1-2cos2c=1-2(1 -2 ) =4 sin’ ¥~ |
L

in? x or sin x =

Hence 4 sin? x ~ A
Solving this equation, x = 0.62 or 2.52 radians (x < 7t = 3.14).




Example 23
Differentiate wrt x (a) X tan 2x, (b) sin x tan x.
(@) Fy=xtan2y & =xsec? 2rx2+tan2c
= 2x sec? 2x + tan 2x.
() Ify=sinxtanx, 5 = sinxsec? x + tan x cos x
= sin x sec? x + sin x
= (sin x)(sec? x + 1)

Exercise 17.6 (Answers on page 642.)

1 Differentiate wrt x:

(a) sin3x () sin § () cos %
(d) 1tan 3x (e) cosecx () xsinx
(g) *sin2x (h) cos(2¥ - 1) @ sin(% -x)
() tanj (k) xsinx+cos x 0 5o
(m) cos® 2¢ () xcos x—sin 2t (0) sin 3x cos 2x
(p) V4 + sin® 2x (q) cos¥(l -3x%) (r) Vian 2x

2 Differentiate wrt x:
(a) cos3x (c) cos(2r -
(@ sin* 2 (® sin £ cos 2

1

® Ty O coss

() x(cos 2x - sinx)

306y =sin2x, find & and 2, and show that $¥ +4y=0.

416 y = x sin 2, find the value of § whenx = }.

5 Given y = A cos 2x + B sin 2x, where A and B are constans, show that £ + 4y =0.
falsoy =3 whenx =  and & =4 when x = 0, find the value o4 and of B.

6 1fy = cos 8+ 2 sn 6, ind the values of © (0.< 6 < 2r) for which &

7 Find ﬁ if y = (sin x + cos 2x)%

8 Solve the cquauon ;’x (r+sin2)=2for0<x<m.

inx @
9 Differentiate 7wy wrt x and hence find | 15557

10 (a) Show that if y = 2 sin x - cos x, then ﬁ =0 when tan x =
Hence find the values of x (0 < x < 2) where y has stationary values.

(b) Find the value of x (0 < x < 2m) for which y = 3
the maximum and minimum values of y.

is stationary. Hence find
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11 Find the equations of the tangents to the curve y = sin x where x = 0 and x = 1.

12 Find the equation of the tangent to the curve y = cos x where x = &,

Integration of Trigonometric Functions
If y = sin(ax + b), then & = a cos(ax + b).
Therefore J costar+ by dx = ! sintax + ) + ¢

If y = cos(ax + b), then $ = —a sin(ax + b).

Therefore J sint@x + B dv = -1 costax + by + ¢
If y = tan(ax + b), then & = a seci(ax + b).
Therefore [ secttax + by dv = § tangax + by + ¢

For all these results, x must be in radi

Example 24
Integrate (a) ['sin 3x dx , b) [ cos § d.

@ Jsin3rdr= =83 ye=—Lcosdrac

@) [cos § dx= +c=2sin fac

in 3 Lox
T 2
2

Example 25

Find the area of the shaded region in Fig.17.4 between the part OA of the curve
¥ = sin x and the line OA. where O is the origin and A is the point (%, 1)

v

Fig. 17.4




The shaded area is the area under the curve minus the area of AOBA where AB is
perpendicular to x-axis.

Area—I sinx dr -

= [—cosx];

= (~cos3) - (c0s 0)- § =0-(-1)-§

x §x1

B nits?
7 units’

Example 26

Find [ sin? x dx.

We cannot find | sin? x d dircctly as it is not in the form sin(ax + b).
We use the formula cos 2x = 1 - 2 sin? ¥ to convert it to a suitable form.
Then [ sin® x dx = | “‘zﬂ dax

=[G~

The same method is used to find | cos? x dx.

Example 27

Sketch the curve y = 1 + cos x for 0 < x < m. This curve is rotated about the x-axis
through 21 radians. Find the volume created in terms of m.

Fig. 17.5




Fig. 17.5 shows the curve, which is y = cos x moved up 1 unit.

The volume = ja (1 +cos ) dx

=nJu(l+2cos.v+cost)d.x

= [l (14205 L) g

=n ]l (3 +2cosx+ §cos2e) e
Foazsinn o L]
3

units?

=n (¥ +25inn+ L sin2n) -n0)

Exercise 17.7 (Answers on page 642.)

1 Integrate wrt x:

() sin2¢ (b) cos 4x () sin 5
(d) 3sin 3x (e) sec? 3x (f) cos 2x - sin x
() sinx+cos x 0 cos' 3 @) cos 5x

sin(} -x) (k) sec? § (1) cos 2x—sinx
(m) (cos x — sin x)* (@ 2sinx+ § sin 2¢

2 Evaluate
@ [} cosxar ® ] sinxar
© JFsintx @ [} sect v
© [} sin2x-cos v ar ® [} (cos x+sinx?dr
o

® J~ sin ¥ dr @) f} sin 3 ds
o) jﬂ cos § dr [} j: cos 2 dv

@ [ eosxar

3% =4 + 3 cos20.findyify=1when6=13.

4 Find (a) the area of the region enclosed by the curve y = sin x and the x-axis from
x=0tox=and (b) the volume created if this region is rotated about the x-axis.
1
Treosx

Y= i between v = O and x = §

5 Differentiate wrt x. Hence find the area of the region under the curve
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6 The region bounded by the x-axis and the part of the curve y = 2 sin x between x = 0
and x = 0 is rotated about the x-axis through 360°. Find the volume of the solid
generated.

7 Skeich the curves y = cos x and y = sin x for 0S x < .

Find (a) the value of x where the curves intersect, (b) the area of the region bounded
by the two curves and the x-axis. (c) If this region is rotated about the x-axis through
360°, find the volume of the solid created.

8 Find the area of the region enclosed by the x-axis, the y-axis, the curve y = cos x and
§. If this region is rotated about the x-axis through 360°, find the volume

9 Using an identity for cos 4x, find | cos® 2c dx.
10 Sketch the curves y = cos x and y = sin 2v for 0 < x < J. Find
(@) the value of x where the curves intersect (apart from x = § ) and
(b) the area of the r:ginn enclosed by the two curves and the x-axis.
11 (2) Show that

———| Toos2r =sectx—1
J-cos2e

(6) Hence find the value of [ 1522 g,
12 By writing 3x as 2¢ + x, show that cos 3x = 4 cos’ x - 3 cos x.

Hence evaluate [ cos’ x d.

SUMMARY
+e(n#-1)
® Product rule: Tfy=uv, & =y& 4,8
o
® Quotient rule: 1f y = i« ac

® For x in radians, @ and b constants:
d

sin(ax + b) = a cos(ax + by, [ cos(ax + b) dr = 1

sin(ax + b) + ¢

& cos(ax + b) = —a sin(ax + b), [ sin(ax + b) dr =

1 costax + b) + ¢

& wn(ax +b) = a sec¥ax + b), [ secax+ by dx = 1 tan(ax + b) + ¢

‘To integrate sin x or cos? x, use the identity for cos 2x



14 1 r =aV1 - cos 6, show that §5 =
15 (@) Given that )

=

% 3

3

0
3

)

Focos S

= sin’ x cos 2x, find the values of x (0 < x < ) for which § = 0.
L sing

S cost

(b) Find the values of x (0 < x < 2r) for which y
maximum and minimum values of y

is stationary. State the

If y = sin 20, find the approximate change in y when 8 is increased from  to
x
% +001

Show that the function is always decreasing for x > 1.

Find & in terms of x and y if 212 + y + 2x = 8. Hence find the gradient of the curve
at the points where x = 1.

If y = a sin 2x, where a is a constant, satisfies the equation & + 8y = 4 sin 2x, find
the value of a.

wio

Given that r¥(1 + cos 8) = &, where k is a constant, show that 95 = % tan

x
Solve the equation | sin £ dr=0 for 0 x< 2.

Find § for each of the functions xy = a and y = V& + * where a and k are constants.

Hence show that the tangents at the point of intersection of the curves arc per-

pendicular.

A particle moves in a straight line and its distance s from a fixed point O of the line

at time ¢ s given by 5 = 4 sin 21,

(@) Show that its velocity v and its acceleration a a time ¢ are given by
v=2V16 -+ and a = —4s.

(b) Find the greatest distance from O reached by the particle.

Ata certain port the height h metres of the tide above the low water level i given by

h=2(1 + cos 6) where 8 = 75 and ¢ s the time in minutes after high tide.

() What length of time is there between high and low tide?

(b) At what rate is the tide falling, in metres per minute, 75 minutes afier high tide?

(©) A bridge is 10 metres above the low water level. A boat can only sail under this
bridge when the distance between the water and the bridge s not less than
7 metres. How long after high tide will it be before the boat can sail under the
bridge?

(@) Differentiate cot  wrt 0.

(®) A cone has a basc radius r and a semi-vertical angle 6. Show that its volume
V= inrcote.

(c) ris fixed but 8 is measured as 45° with an error of 4%. Find the percentage error
i the calculated value of V.
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